TWISTED STABILITY AND FOURIER-MUKAI TRANSFORM 



KOTA YOSHIOKA 



Let X be an abelian surface or a K3 surface over 
H'^^iX^Z) := ®H^HX,Z) by 



0. Introduction 

Mukai introduced a lattice structure 



on 



{x,y) := - 



(0.1) 



x'^ Ay 



X 



{xi Ayi ~ xo Ay2 ~ X2 A yo), 



X 



where Xi € H {X,Z) (resp. yi G H {X,Z)) is the 2i-th component of x (resp. y) and 



Xq- Xi+ X2- 



It is now called Mukai lattice. For a coherent sheaf E on X, we can attach an element of H'^'"{X,1) called 
Mukai vector v{E) c\i{E)\/iAx , where ch.{E) is the Chern character of E and iAx is the Todd class of 
X. For a Mukai vector v E H™{X,'Z) and an ample divisor H, let Mh{v) be the moduli space of stable 
sheaves E of Mukai vector v{E) = v and M h{v) the moduli space of semi-stable sheaves. An ample divisor 
H is general with respect to w, if the following condition holds: 

% for every /i-semi-stable sheaf E of v{E) = v, if F C E satisfies (ci(F), i?)/ rkF = {ci{E), H)/ ikE, 
then ci (F) / rk = ci {E) / rk E. 

The preservation of stability by Fourier-Mukai transform on X was investigated by many people (e.g. 
pBH2t , | |B-M| , [ |N/Iu5( |, ||Y8[). In we introduced twisted degree of coherent sheaf E by degc,(£;) = 

deg(£' (8) G^), where G is a vector bundle on X. Then we showed that Fourier-Mukai transform preserves 
Gieseker semi- stability, if twisted degree is and the polarization H is general. In this paper, we shall 
generalize our results to the case where H is not general. In this case, Fourier-Mukai transform does not 
preserve Gieseker semi-stability. This fact is closely related to the following fact: If H is not general, 
than Gieseker semi-stability is not preserved by the twisting E i-^ E ^ L, where L is a line bundle. Thus 
Gieseker semi-stability depends on the choice of L. In order to understand this phenomenon, Matsuki and 



Wentworth | M-W| (also by EUingsrud and Gottschc [ E-G and Friedman and Qin F-Q |) introduced L- twisted 
semi-stability, where L is a Q-line bundle. Hence we shall propose a formulation for our problem by using 
twisted semi-stability. In section ^, we shall show that Fourier-Mukai transform preserves suitable twisted 
semi-stability, if X is an abelian surface (Theorem 2.3). 

In \ Y8\, we showed that Mh{v) is deformation equivalent to a moduli space of torsion free sheaves of rank 
1, if is primitive and the polarization H is general. In section ^, we shall give another proof of this result 
by using results proved in section ^. Moreover we shall show the following. 

Theorem 0.1. Let X he an abelian surface or a K3 surface. Let v € H'^^ {X,Z) be a Mukai vector of 
rku > 0. Then Mh{v) is a normal variety, if (v"^) > and H is general with respect to v. 

In section ^, we shall consider Fourier-Mukai transform on a n E nriques surface associated to (— 1)- 
reflection. In particular, we shall show a similar result to Theorem ^.3| ( Prop osition 4.3). As an application, 
we shall compute Hodge polynomials of some moduli spaces (Theorem [l.6[ ). We also discuss a relation to 
Montonen-Olive duality in Physics (cf. V- W[ | ) . 

We are also interested in Fourier-Mukai transform on elliptic surfaces. Let tt : A ^ C be an elliptic 
surface with a 0-section. Then a compactification of the relative Jacobian is isomorphic to X and there is a 
universal family V on X Xc X. We regard 7^ as a sheaf on A x A and consider Fourier-Mukai transform 
defined by V. Assume that every fiber is irreducible. Then the preservation of stability was investigated in 
[Brl|, |H-M|, [I-M], [Y8]. In particular, semi-stable sheaf of relative degree maps to a semi-stable sheaf of 
pure dimension 1. In |Brl|, Bridgeland also treated Fourier-Mukai transform induced by a relative moduli 
space of stable sheaves on fibers. In order to generalize our result |Y8, Thm. 3.15] to this situation, we 



need to consider twisted semi-stability for purely 1-dimensional sheaves. In section ^ we introduce twisted 
stability for purely 1-dimensional sheaves and give some properties which are similar to results in [ Yl ] . Then 
we can show in Theorem 6.12 that a twisted semi-stable sheaf of twisted relative degree maps to a twisted 



1991 Mathematics Subject Classification. 14D20. 



semi-stable sheaf of pure dimension 1. As an application, we can compute Hodge numbers of some moduli 
spaces. 



Theorem 0.2. Let n : X —t C he an elliptic surface with a section a. Assume that every fiber is irreducible, 
f denotes a fiber ofn. Let Ma-+kfir,ci,x) be the moduli space of stable sheaves E o/ (rk(i?), ci(£'), — 
(r, ci, x) with respect to a + kf . Then 

(0.2) hP-'^{A'U+kf{r,Ci,x)) = /i^''(Pic°(X) X HilbJ), 

if (r, (ci, /)) = 1 and 0, where 2n + h^{Ox) = <iimMa+kf{r, ci, x)- 

Indeed we introduced twisted semi-stability for purely 1-dimensional sheaves to prove this theorem. 
We also construct moduli spaces of twisted semi-stable sheaves by using EUingsrud and Gottsche's method: 



They used moduli spaces of parabolic semi-stable torsion free sheaves constructed by Yokogawa [Yk|. Since 
his construction only works for parabolic semi-stable torsion free sheaves on smooth projective scheme, we 
need to construct moduli spaces of parabolic semi-stable sheaves of pure dimension 1, which will be done in 



appendix (Theorem 7.6). 



1. Preliminaries 

Notation. 

Throughtout this note, we use the following notations. Let X be a smooth surface. For a scheme S, we 
denote the projection S x X S hy ps- 

Let Q[[l/a:, be the formal power series ring of two variable l/x,l/y and R the localization of 
q[[l/x,l/y]]hyl/ixy). 

1.1. Virtual Hodge polynomiaL For a variety Y over C, cohomology with compact support H*{Y,Q) 
has a natural mixed Hodge structure. Let e^'*(y) := J2k(~^)''^^''^(-^cO^)) be the virtual Hodge number 
and e{Y) :— J2p q^^''^0^)^^y'^ virtual Hodge polynimial of y. For more details, see [Ch, 0.1]. By the 
properties of virtual Hodge polynomials, we can extend the definition of e{Y) to constructible sets. 

Let 5* be a bounded set of coherent sheaves on X with Hilbert polynomial h{x). Under some conditions, 
we shall define the virtual Hodge polynomial of S as an element of R. So it is not a polynomial in general. 
Let H be an ample divisor on X. Since S is bounded, there is an integer m such that for every element E, 

(i) E{mH) is generated by global sections, 

(ii) H'{X,E{mH)) = for i > 0. 

We set N :— h{m). We shall consider the quot scheme Q := Q^ot^o'^i^^yyiH)®'^ /x/C' Oqxx{~^H)®^ —> 
Q be the universal quotient. We assume that 

Qs {q e QIQg e S',iJ"(X,0®^) -> iJ"(X, QqimH)) is isomorphic} 

is a constructible set. We shall show that this condition does not depend on the choice of Q. Let T be a 
scheme and £ a coherent sheaf on T x X such that £ is flat over T. Let T° be the open subscheme of T 
consisting of point t E Ts such that 

(i) £t{mH) is generated by global sections, 

(ii) HHX,£t{mH)) = for i > 0. 

By base change theorem, prpo^{£{mH)) is a locally free sheaf on T". Let r : P ^ T" be the associated 
principal GL{N) bundle over T°. Then there is a surjective homomorphism 0-pxx{—mH)®^ {tx idx)*£. 
Hence we get a morphism r] -.V ^ Q. We set Ts := {t e T°\£t € 5"}. Then we see that Ts = r(ry-i(Qs)). 
Thus Ts is constructible, if Qs is constructible. In particular, constructibility does not depend on the choice 
of Q. 



Definition 1.1. Defn. 1.1] 

(i) S is constructible, if Qs is constructible. 

(ii) For a constructible set S, we define the virtual Hodge polynomial by 

It is easy to see that this definition does not depend on the choice of Q. Let A^s be the associated 
substack of the stack of coherent sheaves. We define the virtual Hodge polynomial e{Ms) by e{S). 
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1.2. Fourier- Mukai transform. Let K{X) be the Grothendieck group of X. For x e K{X), we set 

(1.1) 7(2;) := (rkx, ci{x), x{x)) £ Z NS(X) Z. 

Then 7 : K{X) Z NS(X) ® Z is a surjective homomorphism and ker7 is generated by Ox{D) — Ox 
and Cp-Cq, where D G Pic°(X) and P,Q G X. 

For f e D(Xi X X2), we define : D(Xi) ^ D(X2) by 

(1.2) J^six) ■.^Rp24£<»pUx)),xe B{Xi). 
and ^£ : 0(^2) -> D(Xi) by 

(1.3) .^^(y) RRomp,{£,p;{y)),ye 0(^2). 

We denote the i-th cohomology H'^{Ts{x)) by T\{x). 

Te also induces isomorphisms : K(X-C) if (X2), : Z NS(Xi) Z ^ Z NS(X2) Z and we 
have a commutative diagram: 



D(Xi 



D(X2) 



(1.4) 



K(X^) 

A 

Z0NS(Xi)0Z 

For a divisor D, let : D(X) ^ D(X) be an equivalence of derived categories defined by T]j{x) 



K{X2) 

V 

Z0NS(X2)0Z 



X ® Ox (D) . This is nothing but a Fourier-Mukai transform defined by Oa (D) , where A <Z X x X is the 
diagonal. 

Lemma 1.1. Let T^^ : D(Xi) —>■ D{X2) and J^£^ : D(X2) — > T>{X^) be Fourier-Mukai transforms defined 
by El G T){Xi X X2) and £2 G ^iX2 x X^). Then we have T^^ o T^^ = ^g, where Q :— ^£^{£1). 

1.3. Twisted stability for torsion free sheaves. Let H be an ample divisor on X. For G £ K{X) (g) Q 
of rkG > 0, we define G-twisted rank, degree, and Euler characteristic of x G K{X) (8) Q by 

rkG(a;) :=rk(G''®x) 

(1.5) degaix) := {cAG'' (E>x),H) 

Xcix) :=x(G''®x). 

For t e Q>o, we get 

degG(a;) _ degt(.{x) xg{x) _ Xtcix) 



(1.6) 



rkG(a;) rkfG(a;) 
We shall define G-twisted twisted stability. 



rkG(a;) rktG(a;) 



Definition 1.2. Let i? be a torsion free sheaf on X. E is G-twisted semi-stable (resp. stable) with respect 
to H, if 

XG{F{nH) ^ XG{E{nH)) 



^^■^^ rkG(F) - rkG(£;) 

for C. F C E (resp. the inequality is strict). 



-,n > 



For a Q-divisor a, we define a-twisted stability as Ox(a)-twisted stability. This is nothing but the 
twisted stability introduced by Matsuki and Wentworth |M-W|. It is easy to see that G-twisted stability is 
determined by a = det(G)/rkG. Hence G-twisted stability is the same as the Matsuki- Wentworth stability. 

Definition 1.3. Let ^^^(7)** be the moduli stack of G-twisted semi-stable sheaves E of 7(£') = 7 and 
Mf[{j)'' the open substack consisting of G-twisted stable sheaves. For usual stability, i.e, G = Ox, we 
denote A^g-^(7)^'* hy Mh{iY'- 

Remark 1.1. Let ci(G)/ rkG = aH + P, a E Q, (3 E be the orthogonal decomposition. Then the twisted 
semi-stability only depends on (3, i.e, ^1^(7)'*'* = ^^^(7)'**- 



Theorem 1.2. [M-W\(also see \E-G\) 



(i) There is a coarse moduli scheme Mfj{-j) of S -equivalence classes of G-twisted semi-stable sheaves. 

G 

(ii) Af^(7) is projective. 



(iii) For different G,G', the relation between Af^(7) and M (7) is described as Mumford-Thaddeus type 



flips: 



M%\l) m2^(7) M^"(7) 



/ 



where G = Gi, G' = G,, 



Definition 1.4. A/^(7) is the open subscheme of Mj^{'^) consisting of G- twisted stable sheaves and Mnij)^'" 
the open subscheme consisting of /z-stable sheaves. Usually we denote m'^^ {j) by M h{i) and M^^ {'j) by 

Q 

Since /x-stability does not depend on G, Mh{j)'^~'^ is a subscheme of M for all G. 

Definition 1.5. For a pair {H, G) of an ample divisor H and an element G E K{X) (g) Q, {H, G) is general 
with respect to v, if the following condition holds for every E E A^^(w)*'*: 
For C F C 

n XGjFjnH) XG{E{nH)) 

implies that v{F)/ ikF — v/ikv. 



The following is easy (cf. [|M-W|] ). 
Lemma 1.3. For an ample diviosr H and a Mukai vector v, there is a general {H,G). 

2. FOURIER-MUKAI TRANSFORM ON ABELIAN AND K3 SURFACES 

Let X be a K3 surface or an abelian surface. Let i? be a coherent sheaf. Let 

= rk{E) + ci{E) + ixiE) ~ eTk{E))Lux e H^''iX,Z) 

be Mukai vector of E, where e = 0, 1 according as X is an abelian surface or a K3 surface and ux is the 
fundamental class of X. For these surfaces, it is common to use Mukai vector of E instead of using ^{E). 

Hence we use Mukai vector in this section. For a Mukai vector v, we define M{v), M'^{v), Mf^{v), ... as 



in section 1. By using twisted stability introduced by Matsuki and Wentworth |M-W|, we shall generalize 



[YS, sect. 8.2]. In order to state our theorem (Theorem |2.3| ), we prepare some notations. 

Let vi :— ri + ci + aiUJx,ri > 0,ci G NS(X) be a primitive isotropic Mukai vector on X. We take a 
general ample divisor H with respect to vi. We set Y := Mh{vi). Assume that there is a universal family 



£ on X X Y. If X is an abelian surface, then Y consists of yit-stable vector bundles. By the proof of |Y7, 
Lem. 2.1], the following lemma holds. 

Lemma 2.1. Assume that H is general with respect to vi. 

(i) IfY contains a non-locally free sheaf then there is an exceptional vector bundle Eq andvi = rk(£'o)w(i?o)~ 
UJx ■ Moreover Y = X and a universal family is given by 

(2.2) £ keiiEo M E^ ^ Oa)- 

(ii) // Y consists of locally free sheaves, then they are fi-stable. 

We set vui := v{£\s^x}y.Y) — ri+ci +aiWY, x E X. We consider a functor Tig : T>{X) —> 'D{Y)op defined 

by 

(2.3) Hsix) RHomp^(p^(x),f ),x e D(X), 



where px : X xY ^ X (resp. py '■ X •><. Y ^ Y) he the projection. Then Bridgeland |Br2| showed that Tig 
gives an equivalence of categories and the inverse is given by 

(2.4) -Hsiy) := RHom^^ (^^.(y), £), y e D(y)<,p. 

Us induces an isometry i?™(X,Z) i7™(y,Z). We also denote it by Us. 

We have an isomorphism NS(X)(g)Q-> v^rnjjj^ by sending D E NS(X)«)Q to £) + !(£), ci)wx E v^C^lJJj^. 
Since Tig is an isometry of Mukai lattice, we get an isomorphism Vi n ujj^ n uoy- Thus we have an 

isomorphism 5 : NS(X) NS(F) ® Q given by 

(2.5) 5{ci{L)) = ci(pY.{ch£^/tA^P*x{ci{L) + -{ci{L),ci)ujxY)). 



For a Q-line bundle L e Pic(X) ® Q, we choose a Q-line bundle L on F such that 5{ci{L)) = Ci(L). By a 
result of Li |Lj] (or |BBH2|) and [YS, Lem. 7.1], H is ample, if F consists of /x-stable vector bundles. By |Y7, 
Lem. 2.1], Y consists of /x-stable vector bundles unless S is given by (2.2). In this case, a direct computation 
(or Q) shows that L is ample. 

We consider the following two conditions. 

(#1) H is general with respect to wi. 
(#2) £\{x}xY is stable with respect to H. 

Remark 2.1. If X is abelian or Y consists of non-locally free sheaves, then the assumption (^^1, 2) holds for 
all general H. For another example, see |BBII1]. 



Problem. [Y8] Is E 



\{x}xY 



always stable with respect to HI 



For a coherent sheaf E on X (resp. F on F), we set deg{E) :— {ci{E),H) (resp. deg(i^) :— {ci{F), H)). 
We consider twisted degree degQ^{E) and degQ^{F), where Gi := S\xx{y} and G2 ■= S\-[x}xy- Then 



Lemma 2.2. Q Lem. 8.3] degQ^{v) = degQ^iHsiv)). 
Every Mukai vector v is uniquely written as 



(2.6) 



V = Ivi - aujx + d{H + -{H, ci)ljx) + {D + -{D,ci)ujx), 
r r 



where a, d € Q, and D £ NS{X) (g) Q n F^. 

It is easy to see that I = —{v,ujx)/ rkui, a = (w,fi)/rkui and d = degQ_^{v)/r{H'^). 



Definition 2.1. For a Mukai vector v, we set l{v) 
Since 7i£(wi) = and Hsiwi) — lux, we get 



^{v,ujx)/ rkui, a(u) := rkui. 



(2.7) H£(?wi -awjf + {dH + D + -{dH + D,ci)ujx)) = ?t^y - awi + (di/ + 5 + i(di/ + I),Bi)tjy) 

r r 

where D g NS(X) (g) Q n i/^. We can now state our theorem. 

Theorem 2.3. We assume the condition (^1,2) holds. Assume that degQ^(w) — and l{v),a{v) > 0. Let 
£ he an element of K{X)®Q such that v{e) e v^C^ujj^, |(w(e)^)| < 1 and (iJ, ci(e)) =0. T/ien 



(2.8) 



M 



Gi+e 
H 



M 



G-2+e 
'H 



{-ndv)r 



In particular, ifci{Gi) G QH , then 01(6*2) G Q_H and we have an isomorphism Mnivy^ ^ -'^^l^^el''^))'^ 



The proof of Theorem |2.3| is almost the same as that in ]Y8, Thm. 8.2]. Before proving Theorem 2.2, we 
prepare two lemmas. 



Lemma 2.4. Assume that a{v) > 0. Then }iom{£\xx{y}i E) — for all y £ Y and E £ A^^^(w)**. 

Proof. Since H is general with respect to vi, £\xx{y} is Gi-twisted stable. Since E is Gi-twisted semi-stable, 
it is sufficient to show that —a{£\xx{v})/K^\xx{y}) > —a{v)/l{v). Since v(£\xx{v}) = ''^ij we get 



(2.9) 



-ai^ixxly}) ~a{v) _ a{v) 



K£\Xx{y}) Kv) 



> 0. 



□ 



Lemma 2.5. For a ^-semi-stable sheaf E of v{E) — v, there is a finite subset S CY such that 

(2.10) RoiRiE,£\xx{y})=0 

for ally£Y\S. 

Proof. Considering Jordan-Holder filtration of E with respect to /^-stability, we may assume that E is /i- 
stable. If £\xx{y} is locally free, then by Lemma 2A, £\xx{y} is ^-stable, and hence E'^^ ^ £\xx{y}- 
Therefore y is u niquely determined by E. Next we assume that £\xx{y} is not locally free. Under the 
notation of (fj), if E'^'^ ^ E„, then clearly }iom{E,EQ) = 0. Hence ilom{E, £\xx{y}) = for aU y G F. If 
£;vv ^ Eo, then }iom{E,£^xx{y}) = for j/ G F \ Supp(^;^^/i;). □ 
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Proof of Theorem \2.% We shall first treat the case where e = 0. By the symmetry of the condition, it 
is sufficient to show that WITi holds for E e Mh{v) [i.e, HUE) = 0, i ^ I) and n}:{E) is Ga-twisted 
semi-stable with respect to L. By Lemma 2.4 and 2.5, WITi holds and HgiE) is torsion free. We shall show 
that E is G2-twisted semi-stable. 

(I) 7i^(£') is /^-semi-stable: Assume that 7i^(i?) is not /i-semi-stable. Let C Fi C C • • • C i^s = 
T-l\{E) be the Harder-Narasimhan filtration of T-l\{E) with respect to /i-semi-stability. We shall choose 
the integer k which satisfies AegQ^{Fi/ Fi^i) > 0,i < k and degQ^{Fi/ Fi^i) < 0,i > k. We claim that 
■H°g{Fk) = and nl{nl{E)/Fk) = 0. Indeed degG^{F,/ F^^i) >0,i<k and the /x-semi-stability of 
imply that liliF,/ F,_i),i < fc is of dimension 0. Since is torsion free, n°g{F,/F,_i) = 0, i < fc. 

Hence 'H'^{Fk) = 0. On the other hand, we also see that 7i|(Fi/i^i_i) = 0,i > k. Hence we conclude that 
nlinliE) / Fk) = 0. So Fk and Til{E)/Fk satisfy WITi and we get an exact sequence 

(2.11) ^ nl{nl{E)/Fk) -^E^ nl{Fk) ^ o. 



< 0. 



By (2.7), (\.egQ^{Ti\{Fk)) — — AegQ^{Fk) < 0. This means that E is not /i-semi-stable with respect to L. 
Therefore 7ig(i?) is /i-semi-stable with respect to L. 

(II) 1-L\{E) is G2-twisted semi-stable: Assume that T-L\{E) is not G2-twisted semi-stable. Then there is 
an exact sequence 

(2.12) 0^ Fi^nliE)^ F2^Q 

such that (i) F2 is Ga-twisted stable and (ii) -a{F2)/l{F2) < -a{Hl{E)) /l{nl{E)) = ~l{v)/a{v), where 
v{F2) = l{F2)wi-a{F2)uJY- Since -a(F2)/?(i^2) < -l{v)/a{v) < 0, Lemma ^ and imply that (f 2 ) = 
'^1(^2) = 0. We also obtain that ^^(Fi) — 0. Hence we have an exact sequence 

(2.13) Q^iil{F2)^ E^Hl{F^)^{). 

Since HKHKE)) = E, njiFi) = 0. Thus WITi also holds for Fi. By (ii), we see that 

-a{v) -a{n\(F2)) ^ -a{v) ^ m) 

(2 14) ^(^) mum m «(^2) 

^ -a{v)a(F2) + l{v)l{F2) 
l{v)a{F2) 

This means that E is not Gi-twisted semi-stable. Therefore TL\{E) is G2-twisted semi-stable. 

We next treat general cases. Since <C 1, we have an inclusion M'^^^'^{vY^ C A^^^(u)** and the 

complement consists of E which fits in an exact sequence: 

(2.15) Q^Ei-^E~>E2'-'Q 

where Ei is a Gi-twisted semi-stable sheaf such that v{Ei) — livi — aioj + 5i G f] Luji H H^, 
ai/li — a{v)/l{v) and ~{v{Ei),vi + e)/li > —{v,vi + e)/l{v). Then we see that —{6i,e)/li > — ((5, e)//(w), 
where S :— v — {l{v)vi — a{v)uJx) £ Ci Luj^ n H^. Applying to the exact sequence (2.15), we get an 
exact sequence 

(2.16) o^nUE2)^nl{E)^nl{E,)^o. 

Since -{Si,?)/ai > -(S,e)/a{v), we get that -{v{nl{Ei)),e)/ai < -{v{nl{E)),e) / a{v). Therefore HUE) 
is not (G2 + e)- twisted semi-stable. □ 

Proposition 2.6. Assume that Mh{v)^~'' is an open dense subscheme of M h{v). If AegQ_^(v) — 0, thenTig 
induces a birational map Mh{v) ■ ■ ■ ^ M h{'H£{v)) which is described as Mumford-Thaddeus type flips: 

(2.17) \ _ / \ ••• / 

where ai, cti^i+i G NS(Ar) ® Q and ai = q;„ = 0. 

Proof. By Theorem ^ we have Mumford-Thaddeus type flips M h {v) > M^' {v) and m|' {Us (v)) > 

MgiHsiv)). By Theorem U, {v) = M%\n£{v)). Therefore we get our claim. □ 

Example 2.1. Let X be a K3 surface and H an ample divisor on X. Assume that H-^ = ZD and (D^) = —2n, 
n > 2. We set w = 2 + (1 — 2n)ujx- Then there is a non-trivial extension 

(2.18) 0^ I^iD)^ E^Oxi-D)^0 
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where x G X. We can easily show that i? is a stable sheaf of v{E) — v. We consider Fourier-Mukai transform 
defined hy £ = Ia®P*xOx{D). Since Ext2(£:, E^) = llora{E^,EY ^0,E does not satisfy WITi with respect 
to Hg. In this case, we get the following diagram 

Mniv) > MH{v)^MH{n£{v)) 

(2.19) \ _ / 

Mh{v) 

where t — l/4n. 

Remark 2.2. Let {X, H) be a polarized K3 surface which has a divisor I such that 

(2.20) {H'^) = 2, [f) = -12, {H,l) ^ 

and g°(X, Ox {i + 2H)) = 0. Then Y := Mh{2 + t-'iujx) is isomorphic to X and there is a universal family 



£ on X X Y . In |B-M|, Bruzzo and Maciocia showed that Fourier-Mukai transform Tg gives an isomorphism 

(2.21) Mh{1 + (1 - n)ijJxY' ^ A1h((1 + 2?i) - n?+ (1 - 37l)cJY)'^^ 
Moreover every element E of AA^{{1 + 2n) — nl+ {1 — 3n)wy) fits in a non-trivial extension 

(2.22) Q^E'^E^Oy^Q 

where E' G A^^(n(2 — I — ?>loy)Y'' . Then we can show that E i?^ induces an isomorphism A^^((l + 
2n) — nl + {\ — 3n)ajy '^n)ujYY^ • Thus we get an isomorphism 



which is nothing but the isomorphism given by Tig 



(2.23) A^ff(l + (l-n)wx)'' ^Xr((l + 2n) + n<'+(l-3n)wy)'' 



3. Irreducibility of Mh{v) 



3.1. A special case of Theorem |2.3| . We shall give an application of Theorem |2.3| . Let X be an abelian 
surface or a K3 surface such that NS(X) = Ze © Z/, (e^) = and (e, /) = 1. 

Corollary 3.1. Assume that (1) X is an abelian surface, Y is the dual abelian surface and £ is the Poincare 
line bundle on X xY , or (2) X is a K3 surface, Y ^ X and £ is the ideal sheaf of the diagonal A C X x X 
Assume that e + kf is an ample divisor. We set D := e — kf. Then Tig induces an isomorphism of stacks 

(3.1) Me+kfir + cD^ aiOxY' ^ -^W" - cD ~ rc^y)-, 

where r,a > and c > 0. Moreover, if k is a sufficiently large integer depending on r and ((r + cD — auxY) , 
then 

(3.2) Me+nf{r + cD- atoxY' = Xg+„/(a - cD - ruoyY' 
i/ < n — fc <C 1, where n E Q. 

Remark 3.1. By Hodge index theorem, {D'^) < 0. Hence if c > 0, then a > 0, or a = and (D'^) = —2. 
Proof. By Theorem we get the first claim. We next show the second claim. We note that (-D^) = — 2fc ^ 



0. Hence e + kf is a general polarization with respect to r -|- cD — aujx (cf. | Yl, Lem. 2.1, Rem. 2.1]). The 
same is true for e + nf, n> k. Hence Me+kf{r + cD — aoJxY'^ — A^e+n/(»' + cZ? — awx)"*. In order to prove 
our claim, it suffices to show that Ai~_^^^j{a — cD — rajy)"** — A4^^^,j{a — cD — ruiyY'^- We first show that 
M~,,7(a — cD — rwy)*"* C M~. r(a — cD — ruyY^ ■ Assume that there is an exact sequence 

c-\-Kj G-\-nj 

(3.3) Fi^HliE)^ F2^0 

such that F2 is semi-stable with respect to e + nf and 
(i) 

,^ ici{Hl{E)),e + nf) (c.jF^) ,e ^ nf) 

^ ' r^nliE) YkF2 

or 

(ii) 

{ci{-Hl{E)),e + nf) _ (ci(j^2),g+ n/) xCHljE)) x{F2) 
^ ■ ' I'^nliE) rkF2 ' ikHliE) rkFz ' 



Since < n— /c <C 1, (i) or (ii) implies that Fi and F2 are yit-senii-stable of (ci(Fi), e+fc/) = (01(^2), e+kf) = 
with respect to e + kf. Hence llom{Fi,£x) = lioin{F2,£x) = except finite number of points of X. 

If (i) holds, then Ext'^{F2,£\xx{y}) = ao^^i^ixxiy}, F2Y — for all y &Y, because £\xx{y}, y G F is a 
stable sheaf of ci(£|;icx{y}) = Owith respect toe+nf and (ci(F2),e+n/)/rkF2 < {—cD,e+nJ)/rkl-L\{E) — 
—c{n — k)/ rk7ig(i?) < 0. Therefore Fi and F2 satisfies WITi and we get an exact sequence 

(3.6) Q^'Hl{F2)^ E^'Hl{Fi)^0. 



By Lemma |2.2 , 



(ci(i?),e + n/) ^ {ci{nl{F2)),e + nf) 



^'< y WnliE) < rk^2 

Since £; is semi-stable with respect to e+fc/ and (ci(7^^(i^2)), e+fc/) = 0, - rk(i^2)/ rk7i^(F2) < - rk7^^(S)/ rkiJ. 
Hence we see that 

.3 8^ (ci(£;),e + n/) ^ {c,{Hl{F2)),e + nf) 

rkS i-kHM^2) 
This implies that E is not semi-stable with respect to e + nf. Therefore (i) does not occur. If (ii) holds, then 
^1 = Tk"^- the proof of Theorem 2.2, we get a contradiction. Thus A^g^^j(a — cD — rwy)*" C 

We next show that M~^^j{a — cD — rwy)""* C A^g^^,j(a — cD — rwyY^ . Assume that there is an element 
F G -'^g+„j(o ~ cb — rwy)^'' \ A^g_,_j,y(a ~ cZ) — rwy)***. Then we see that there is an exact sequence 

(3.9) 0->Fi->i^^F2-^0 

such that (i) {ci{F),e + nf)/YkF < (01(^2), e + n/)/rkF2, (ii) (ci (F), e + fc/)/ rkF = (ci(i^2),e + fc7)/rkF2, 
(iii) x(i^)/rkF > x(F2)/rkF2 and (iv) F2 is semi-stable with respect to e -I- kf . We set e = 0, 1 according 
as X is an abelian surface or a K3 surface as in section 2. We note that 

(a) £\{x}xY: X ^ X IS stable of {ci{£\{a:}xY),x{£\{x}xY)) = (0,e) with respect to e + nj, 

(b) F is stable of (ci(F), e -I- nf) < and x(F)/ rkF = e — a/r < e with respect to e + nf. 

By (a) and (b), we get Ext^(F, £|{^}xy) = Hom(£'|{2.jxy, F)^ = for all x € X. By (in) and (iv), we see 
that Ext^(F2,£:| {x}xy) = for all X E X. Since Fi and F2 are /z-semi-stable sheaves of degree with respect 
to e + kf, Hom(Fi, £|{^}xy) = Hom(F2, £|{:r}x y) = except finite number of points x E X. Hence WITi 
holds for Fi, F2 and F with respect to Hg and we have an exact sequence 

(3.10) o^nl{F2)^nUF)^nUFi)^o- 

In the same way, we see that E := H^iF) is /i-semi-stable with respect to e + kf. Since e + kf is general, 
we get ci{'Hl{F2)) / rk'Hl{F2) = ci(?i^(F))/ rkH^(F). On the other hand, (i) implies that 

(3^^^) {ci{E),e + nf) ^ {c^{Hl{F2)),e + nf) 



ikF - rkF2 



By using (iii), we see that 



,3 {ci{E),e + nf) ^ (^(^^^^2)), e + n/) 

rkF rknl{F2) 
which is a contradiction. Therefore our claim holds. □ 



Remark 3.2. li e + kf is general with respect to r + cD — auJx and c > 0, then Hom(i?, £x) = for all cc G X 
and E e Aie+kf{r + cD — auoxY'' ■ Hence Ti.g{E) is locally free. 

Remark 3.3. In general, e + kf is not a general polarization with respect to a — cD — rcuy- Indeed, let E 
be a non-locally free ^-stable sheaf of v{E) — r + cD — aojx on X. Assume that E^'^ /E — C^, x E X and 
a > 1. Then we get an exact sequence 

(3.13) Q^'Hl{E'^'^)'^'Hl{E)^nl{C:,)'^Q. 

It is easy to see that 7Y|(Cx) — £x- Hence e + kf is not general with respect to a — cD — ruiy, if c > 0. 



3.2. Application to the deformation type of Mff{v). Let Xi be an abelian surface or a K3 surface. 



Definition 3.1. Let w be a Mukai vector of rkv > 0. Then we can write it as u = m{v)vp, where m{v) £ Z 
and Vp is a primitive Mukai vector ofrkvp > 0. 



In [ YS|, we showed that Mh{v) is deformation equivalent to a moduli space of rank 1 torsion free sheaves, 
if V is primitive. Here we assume that rk w > and H is general. We shall give a slightly different proof of this 
result, that is, we shall use O'Grady's arguments |01, sect. 2]. One of the benefit of O'Grady's arguments is 
that we do not need to use algebraic space, which enable us to treat non-primitive Mukai vector cases. For 
a Mukai vector v := l{r + ci) + aojxi G H*{Xi,Z) such that r > Q, I = gcd(r, ci) and gcd(Z,a) = 1, we set 
b = —a + ^A, k — — (c^)/2 + rA, A ^ so that e + kf is ample. We consider X in the above notation. By 
[Y4, Prop. 1.1] or a modification of its proof, we see that Mnilir + ci) + aojXi) is deformation equivalent 
to Me+„/(Z(r' + (e — kf)) — bujx), where H is general with respect to v and < rt — fc <C 1. By Corollary 
Jj, we have an isomorphism 



(3.14) Me+„/(Ur +{e~kf))~ bcjx) M^^^j{b - l{e ~ kf) - Ircuy). 

Since (6, ^) = 1, M~_^_^j{b — l{e— kf) — Ircuy) is deformation equivalent to AIe+nf{b+{e — k'f) — b'uJx), where 
b' = lr + A', k' = Pk + 6A', X' ^ and < n — A;' ^ 1. Applying Corollary |3.l| again, we get an isomorphism 

(3.15) + (e - k'f) - b'ux) ^ A4+„;(^>' - (e - k'J) ~ bLUy). 

If A' is sufficiently large, then M^^^j{b' — (e — k' f) — buiy) is deformation equivalent to M^_^.^f{b' — (e — 
k"f) - ujy) and e + k" f is ample, where k" = lr{l -b) + Pk + A' and < n - fc < 1. Since k" > 0, Corollary 
3.1 implies that Me+„/(l + {e — k"f) — b"ujx) is isomorphic to M-g+ifif{b' — (e — k" f) — wy). Therefore Mh{v) 
is deformation equivalent to the moduli space of rank 1 torsion free sheaves. 
We shall next treat non-primitive Mukai vector. 

Lemma 3.2. Let v be a Mukai vector of rkv > 0. Let H be a general ample divisor with rerspect to v. We 
set 

(3.16) Mniv)^'' {E e MHiv)""] E is properly semi-stable }. 
Then dim Al^f (t;)'"*'' < (f^). Moreover inequality is strict, unless m(v) — 2 and (u^) = 8. 



For the proof, see [Y7, Lem. 1.7]. 

Proposition 3.3. Under the same assumptions, A^/f (w)*^ is a locally complete intersection stack which 
contains A4h{v)'^ as an open dense substack and the singular locus is at least of codimension 2. Ln particular 
Mh{v)'^'' is normal. 



Proof. By deformation theory and Lemma 3.2, we see that A4h(v)'''^ is a locally complete intersection. If 
m{v) 7^ 2 or (w^) > 8, then dim Ai h (v)^""^ < {v'^) — 1. Therefore the singular locus is at least of codimension 
2. If m{v) — 2 and {v'^) — 8, then a general member of A^/f (t;)^^* fits in a non-trivial extension 

(3.17) 0^Ei^E^E2^0 

where Ei,E2 G Mh{v/'^)^'^ and Ei ^ i?2. Then E is simple, which imphes that M.h{v)'^^ is smooth at E. 
Therefore the singular locus is at least of codimension 2. For the last claim, we use Serre's criterion. □ 



Definition 3.2. Let Yi,l2 be normal schemes. Then Yi ^ Y2, if there is a proper and flat morphism 
y ^ T over a smooth connected curve T such that every fiber is normal and Yi = for some ti,t2 G T. 
Deformation equivalence is an equivalence relation generated by ~. 

By the following lemma, the number of irreducible components is an invariant of this equivalence relation. 

Lemma 3.4. Let T be a smooth curve and Y —f T a flat and proper morphism. Assume that every fiber is 
normal. Then the number of irreducible components ofYt, t €T is constant. 

Proof. Since Yt is normal, every connected component is an integral scheme. Hence the number of irreducible 
components of Yt is h^{Yt,OYt)- By the upper-semicontinuity of /i°(F(,CyJ, the number of irreducible 
components of Yj is upper semi-continuous. On the other hand, by Zariski's connectivity theorem, the 
number of connected components of Yt is lower semi-continuous. Therefore we get our lemma. □ 

By the same proof, we can show the following. 

Proposition 3.5. Mh{v) is deformation equivalent to M H{rn{v)(l — nujx)), where n = {Vp)/2. In partic- 
ular the number of irreducible components of Mh{v) is determined by m(v). 
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Proof. Let T be a smooth curve over C and ip : (X,C) — > T be a family of polarized abelian or K3 surfaces. 
For a family of Mukai vectors v € R*(p^,Z = Ut^rH* {Xt, Z), let V' : ^c{v) — > T be the relative moduli space 
of semi-stable sheaves on A't, t e T of Mukai vector vt and Tlc{v) the open subscheme consisting of stable 
sheaves. Since T is defined over a field of characteristic 0, VJlc{v)t — M Cti'Vt) for t G T, where M cAf^t) is 
the moduli space of semi-stable sheaves on Xt (cf. |MFK , Thm. 1.1]). Since '!/'|stn/;(t)) ■ '^c{v) ^ T is smooth 



[ Mu3[ |, it is flat. Assume that Ct is general with respect to Vt for all t G T. By Proposition 3.3, dJlciv) is a 



dense subscheme of dJlc{v). Since T is a smooth curve, tp is also flat. Therefore -0 : Tlciv) T is a proper 
and flat morphism. Then our claim follows from the same argument as in m{v) = 1 case. □ 

3.3. Irreducibility of Mh{v). We shall show that Mh{v) is irreducible. We may assume that X has an 
elliptic fibration tt : X ^ C. We also assume that there is a section cr of vr and NS(X) = Zct Z/, where 
/ is a fiber of tt. By Thm. 3.15] (cf. Theorem 6.12| ), we have an isomorphism Mo.+fe/(r(l — ruvx)) — 



Mcr+kf{w), where w = r{{a + {n + e)f) + ujx)- Hence it is sufficient to show that M^+kf{w) is irreducible. 



From now on, we assume that r > 2. By Proposition 3.3, we shall show that Mo-+fc/(w) is irreducible 



Definition 3.3. For a purely 1-dimensional sheaf L on X, Div(L) is the divisor on X which is defined by 
the fitting ideal of L. 

We set ^ = r((T + (n + e)/). Let Hilb|- be the Hilbert scheme of curves C on X such that ci(Ox{C)) = ^. 
There is a natural map j : Mcr+kf{w) — > Hilb^ sending L G Ma-+kf{w) to Div(L). We want to estimate the 
dimension of closed subsets of M^+kfiw)'- 

iVi : = {L e Mcr+fe/(w)| Div(L) is not irreducible}, 
''^'^^^ N2 -.^ {Le M„+kf(w)\ Div(L) is not reduced}. 

Estimate of dim A^i . We prepare some lemmas. 

Lemma 3.6. Let d, i = 1,2 be irreducible curves of genus g{Ci) > 2. Then {Ci,Cj) > 2. 

Proof If Ci - C2 or C2 - Ci is effective, then (Ci, C2) > (C|) > 2 or (Ci, C2) > (Cf) > 2. If Ci - C2 and 
C2 - Ci are not effective, then > x(Cx(Ci - C2)) > (Ci - C2)V2. Hence we see that (Ci, C2) > 2. □ 

Definition 3.4. For a Mukai vector v G H™{X, Z), M{v) is the stack of coherent sheaves E of v{E) = v. 

Lemma 3.7. Let E be a purely 1-dimensional sheaf such that Suppi? consists of genus g >2 curves. Then 
dim M{v{E)) = {v{Ef) + I at E , if H is general. 

Proof. We set v :— v{E). Let M be an irreducible component of M{v) containing E and let E' be a general 
point of A^. We consider the Harder-Narasimhan filtration of E': 

(3.19) QcFi^F2^---^Fs=E'. 

We set Vi — v{Fi/ Fi-i). By our assumption, we may assume that Supp consist of curves of genus 



greater than 1. Hence {vf) > 0. Moreover by Lemma 3.6, {vi,Vj) > 2. Let T'^{vi,V2, ■ ■ ■ ,fs) be the stack of 
filtrations ( |3.19| ) such that Hom(F,/F,_i, Fj/Fj_i) = for i < j. By Lem. 5.2], 



(3.20) dim.F"(«i, i;2, ...,«,)= ^ dimMa+kfiv^^ + ^(t'»,^^j>- 
Since {v'^) > 0, we get dim Ma-\-kf{'^iY^ — {'^f) + 1- Hence we see that 

s 

dim.F°(i;i,i;2, ■■■,Vs)^ {v^) + 1 - (^((i^^) + 1) + ^(w„i;,)) 

(3.21) ^^-^ 

= Y.{v,,v,)-{s-l)>Q. 

Since dimM{v) > (w^) + 1, we get our claim. □ 

Lemma 3.8. Assume that X is a K3 surface. Let E be a purely 1-dimensional sheaf o/Div(_E) = ra . Then 
M{v{E)) = -r2 at E. 

Proof. We set v := v{E). Let Al be an irreducible component of M.{v) containing E and let E' be a general 
point of M. We consider the Harder-Narasimhan filtration of E': 

(3.22) C i^i C F2 C • • • C i^s = 
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We set Vi = v{Fi/ Fi_i). Then Vi = ria + UiCOx- It is easy to see that is divisible by r,; and A^cr+fe/(t^i)''* = 
{Ocr{ai/ri — 1)'^ '''}. Then diuiMa+kfiviy = —rf. As in Lemma let T'^{vi,V2, . . . ,Vs)he the stack of 
filtrations ( |3.22| ) such that Hom(f;/F,_i, = for i < j. By 0, Lem. 5.2], 

S 

dim J^"(i;i,7;2, ... ,1^5) = ^ dim ^1^+^/(1)^)'"* + '^{vi.Vj) 

2—1 i<j 

(3.23) \ - 2 v^o 

i=i i<j 

Therefore we get our claim. □ 

Lemma 3.9. Let E he a purely 1- dimensional sheaf on X such that v{E) = rf + auJx, or v{E) = ra + aujx- 
Assume that {v{E)^) = 0. Then dim A^(w(i;)) ^r at E. 

Proof. We set v v{E). Let Ai be an irreducible component of Ai{v) containing E and let E' be a general 
point of M. We consider the Harder-Narasimhan filtration of E': 

(3.24) C Fi C F2 C • • • C i^. 



We set Vi = v{Fi/Fi^i). Then we see that {vf) = 0. As in the proof of Lemma 1.8 in |Y7|, we see that 



d\mMa+kf{viY^ — ri. By using |Y7, Lem. 5.2] again, we see that 



dim J^°(wi,W2, ...,Vs) = dim Ma+kfiviY" + ^{vi,Vj) 

i—1 i<j 



(3.25) 

= ^ = r. 

1=1 

Therefore we get our claim. □ 

For Ni, we get the following. 
Proposition 3.10. dimiVi < dimMo.+fc/(u'). 

Proof. Assume that Supp(L) is not irreducible. Then there is a filtration 
(3.26) C Fi C i^2 C F3 = i 

such that (i) Div(Fi) — ria (ii) F2/F1 is a pure dimension 1 sheaf of Div(F2/Fi) = r2f and (iii) F3/F2 
is a pure dimension 1 sheaf of Div(F3/_F'2) = C3, wh ere C3 consists of curves of genus greater than 1. 
We set Vi :— v{Fi/ Fi^i), i — 1,2,3. By Lemma ^.7| , we may assume that F2 ^ 0. We first note that 
Ext2(F,/F,_i,F,/F_,_i) = Hom(F,/F,_i,F,/F,_i)^ = for i ^ j. 



(I) We first treat the case where X is a K3 surface. Assume that F2 ^ F3. By Lemmas 3.7, 3.8, 3.9, we 

see that 

dimJP"(wi,-i;2,'y3) ^^dim. Ma+kf{viY' + '^{v„Vj) 

(3.27) » i<j 

= {w^) + 1 - {-rl - r2 + (ria, r2f + C3) + (r2/, C3)). 

By our assumption, {ci{w),a) > 0. Hence (ricr, r2/ + C3) > 2r\. By our assumption, (fjCs) > 0. Therefore 
— rf — r2 + (ricr, r2f + C3) + (r2/, C3) > rf > 0. We next assume that F2 — F3. Then we see that 

(3.28) dimJ^0(wi,i;2) - (w^) + 1 - (-r^ - r2 + 1 + rir2). 

Since (ci(w), cr) > 0, r2 > 2ri. Then — rf — r2 + 1 + rir2 > ri (ri — 2) + 1 > 1, because ci{w) is not primitive. 
Therefore we get our claim. 

(II) We next treat the case where X is an abelian surface. Assume that F2 ^ F^. Then 

(3.29) dim.FO(t;i, i;2, fa) = {w^) + 1 - (-^i - r2 + (ria, r2/ + C3) + (r2/, C3)). 

Since C3 consists of curves of genus greater that 1, (cr, C3) > 1 and (/, C3) > 1. Then (— ri — r2 + (ricr, r2f + 
C3) + (r2/, C3)) > 0. If F2 - F3, then 

(3.30) dimJ^"(i;i,t;2) - (w^) + 1 - (-ri - r2 + 1 + rir2). 

Since ci{w) is not primitive, (ri — l)(r2 — 1) > 0. Therefore we get our claim. □ 
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Estimate of dim N2- For an integer A > 2, let Hilb^(A) be the locally closed subset of Hilb^ consisting of 
AC, where C is an integral curve. By Proposition 3.10, it is sufficient to estimate the dimension of Hilb^(A). 



Let C be an integral curve. For D ~ AC and w = D + njx, we set 

(3.31) AU+kfiuKD) := {L e M,+kfiw)\-DiyiL) ^ D}. 
We fix a point x E C. We also set 

(3.32) P^+kfiw,w + u;x,D):=\L(lL' f^rnr^r 

Let TTw and tTw+ujx be natural projections sending L d L' to L and L' respectively: 

P^+kfiw,w + ujx,D) 

(3.33) 7r„ ^/ \j Tr„+^^ 

M„+kf{w,D) M^+kfiw + ujx,D) 

For L e M„+kf{w,D), - dimExt^(C:,, L) + dimExt2(C^, L) = x(C^,i) = 0. Comb ining Serre duality, we 
see that dim Ext^(C2;, L) = dim Ext^ (Ca; , L) — dimHom(L, Ca,). By the following lemma, dim7r^^(L) < A— 1 
and dim7r~|^^(L') < A - 1. 

Lemma 3.11. Let x be a smooth point ofC. Let L be a purely 1-dimensional sheaf such that Div(L) = AC. 
Then dimL(g)Cx < A. 

Proof. Let C be a germ of a curve intersecting C at a; transversely. Let Ox,x be the stalk of Ox at x. We 
take a free resolution of L (g) Ox,x ■ 

(3.34) ^ 0®l 4 0®l ^L(g> Ox,x 0. 

Then the local equation of Div(L) at x is given by det(A). By restricting the sequence to C, we get a free 
resolution of L ® Oc.x- Then dim(L (g) Oc',x) is given by the local intersection number (Div(£>), C')x — A. 
Therefore we get our claim. □ 

Lemma 3.12. diiaM„+kf{w + uox, D) ^ (L'^)/2 + 1. 



Proof. By [YS, Thm. 3.15], M^-^kfiw + lox) is isomorphic to M^^^fiT + / ~ rnux)- Since r + f ~ rnujx 
is primitive, |Y8, Thm. 0.1 and 8.1] implies that it is irreducible. For a smooth curve C e Hilb^, the fiber 



of Ma+kf{w + LUx) Hilb^ is Pic''^^(C). It is easy to see that Pic'^''"^(C) is a Lagrangian subscheme of 

A /T . ..fait I / . 1 , - \ TT l\/Tfi^-omoVn4-r^ [\/T-J-| r<~iT"T r f~iV-\r^-r- io /-if -m i~iTioi/-in f / ^ I 1 I I 



AIa-+kf{w + uJx)- By Matsushita [Mt|, every fiber is of dimension (^^)/2 + 1. □ 



Lemma 3.13. Let L be a stable sheaf of v{L) ~ w and Div(L) = D, and let L' be a coherent sheaf which 
fits in a non-trivial extension 

(3.35) L^ L' -^Cx-'Q 
where x £ D. Then L' is stable. 

Proof. Assume that L' is not of pure dimension 1 and let T be the 0-dimensional subsheaf of L' . Then 
T L' Cx must be injective. Hence it is isomorphic, which implies that the exact sequence split. 
Therefore L' is of pure dimension 1. If L' is not stable, then there is a subsheaf Li of L' such that 
> where Div(Li) = AiC. Hence < x(£i)A - x{L')Xi = (x(ii) - 1)A - x(L)Ai + A - Ai. Since 

X{L) = r is divisible by A and A - Ai < A, we get (x(ii) - 1)A - x{L)Xi > 0. Thus ^dLinLl > 2dR^ which 
implies that L is not stable. Therefore L' must be stable. □ 

Corollary 3.14. dim Afcr+fe/(w, 13) < dim Pcr+kf{w,w + uJx,L)) < dim Alcr+kfiw + ujxjD) + {X — 1). 
Proof. By Lemma 3.13| , ttw is surjective. Hence we get our claim from Lemma 3.12. □ 
Since A > 2, we get that 2X'^ - (A^ + A + 1) > 0. Then 

dim ri(Hilb«f (A)) < (C2)/2 + 1 + A2(C2)/2 + 1 + (A - 1) 

(3.36) < (A2 + A + 1)(C2)/2 + 2 

< A^ (C^ ) + 2 = dim AU+k f {w) . 



Combining Proposition 3.1C , we get the following. 
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Proposition 3.15. We set 

A'Ic,+kf{w)o : = {i G Afo-+fe/(u')| Div(L) is an integral curve } 
^^■^^^ =M,+kf{w)\{N^iJN2). 
Then Ma-+kf{w)o is an open dense subscheme of Ma-+kfiw)- 

Proposition 3.16. Ma+kf{w) is irreducible. 

Proof. By Proposition 3.15, it is sufficient to show that AI^^^kf{w)o is irreducible. Let C be an integral curve. 
Then j~^(C) is the compactified Jacobian of C. By [A-I-K], the compactified Jacobian of C is irreducible. 
Therefore AI^+kf{w)o is irreducible. □ 

Combining all together, we get the following theorem. 

Theorem 3.17. Let X be an abelian surface or a K3 surface and let v be a Mukai vector of ikv > and 
{v"^) > 0. Let H be a general ample divisor with respect to v. Then Mnivy^ is a normal and irreducible 
stack. In particular, Mh{v) is a normal variety. 



Remark 3.4. In |02|, |03t , O'Grady studied the case where m{v) = 2. In particular, he constructed sym- 
plectic desinguralization of Mh{v), if (u^) — 8. 

4. FOURIER-MUKAI TRANSFORM ON EnRIQUES SURFACES 

In this section, we consider Fourier-Mukai transform on Enriques surface X. By using Fourier- Mukai 
transform, we shall compute Hodge polynomial of some moduli spaces of sheaves. 
In our case, Mukai vector v{x) of x G K{X) is defined as an element of Q): 

v{x) :—c]i{x)\/tdx 
^^'^^ ^Mx) + ci(a;) + C-^^x + cMx)) G 

We also introduce Mukai's pairing on H*{X, Q) by {x, y) := — j^x^ l\ y. Then we have an isomorphism of 
lattices: 

(4.2) iv{KiX)),{ , _°i)©(j J)©i^8(-1). 

Definition 4.1. We call an element of v{K{X)) by Mukai vector. A Mukai vector v is primitive, if v is 
primitive as an element of v{K(X)). 

The following was essentially proved in |Y1, sect. 3.2]. 

Proposition 4.1. Let X be a surface such that Kx is numerically trivial. Let {H,a) be a pair of ample 
divisor H and a Q-divisor a. Then e{Mfj{vy^) does not depend on the choice of H and a, if {H,0{a)) is 
general with respect to v (cf. Defn. \l.SO . 

Proposition 4.2. Let v be a Mukai vector such that rk(w) is odd. Then AinivY is smooth o/dim A^/f (w)* = 
{v^) + l. 

Proof. For E G A^/f(w)'', we get det{E{Kx)) ^ det(_E). If there is a non-zero homomorphism E E(Kx), 
then the stability implies that it is an isomorphism. Hence 'Ext^{E,E) — llom{E, E{Kx))^ — 0- Since 
-xiE,E) = -{v{E),v{E)), MnivY is smooth of dim Alff (i;)" = (v^) + 1. □ 

For a Mukai vector v, let Li, L2 = Li{Kx) G Pic(X) be line bundles on X such that ci{Li){— ci{L2)) — 
Ci{v). Then we have a decomposition 

(4.3) Mnivr ^ MH{v,LiY'l[MH{v,L2r 

where Mh{v, LiY'^, i — 1,2, is the substack oi Ainiv)''^ consisting of E such that det(£^) ~ Li. We also have 
a decomposition Mh{v) — Mh{v, Li) ]J Mh{v, L2), where Mh{v, Li) is the subscheme of Mh{v) consisting 
of E such that det(i?) = Li. 

We consider Fourier-Mukai transform associated to (— l)-reflection. Let vq :— r + ci — {s/2)ujx be a Mukai 
vector such that rk(t;o) > and (wg) = (cf ) + rs = —1. Since (cf ) is even, r and s are odd. Let 77 be a 
general ample divisor with respect t o vq . Assume that there is a stable vector bundle Eq with respect to H 
such that v{Eo) = vq (cf. Corollary L7). Then we see that 



(4.4) 



Hom(£:o,-Bo) = C 
Exti(^o,^o) -0 
[Ext2(^o,^o) = 0. 
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Let 

^^■^^ ev2 -.E^iKxY K Eo{Kx) Oa 

be evaluation maps. We define a sheaf £ on X x X by an exact sequence 



(4.6) £ ^ E^mEo® Eq{KxY H Eo{Kx) Oa ^ 0. 

Then £\{x}xx (resp. £\xx{x}) is a stable sheaf of w(f|{a;}xx) = 2rk{Ei))v{EQ) - ujx (resp. w(£|xx{a:}) = 
2 rk(£'o)u(-Eo)^ — ^x)- Thus £ is a flat family of stable sheaves of w(£|{x}xx) = 2 rk(i?o)i'(£'o) — By the 
construction of £\{x}-kx{Kx) — £\{x}xXj which implies that 

(4.7) Ext^{£n^yxx,£\{x}xx) = iioi-n{£\{xyxx,£\{x}xx{Kx)Y = C. 

Since {v{EqY) = —1, we see that {v{£i-^x-jxxY) — 0- Hence the Zariski tangent space is 2-dimensional: 

(4.8) ExtH£\{x}xx,£\{x}xx)^C®^- 

Therefore X is a connected component of Mh{vi), where vi — 2 rk(i?o)w(£'o) ~ ^x- 

Then Hs : D(X) 'D{X)op is an equivalence of categories. As a corollary of this fact, we get that 
Mh{vi) — X. By our construction of £, we see that 

(4.9) viHsix)) = -(a;^ + 2v{Eor {x,viEo))). 

If Eo = Ox and v{E) = r + ci + (s/2)wx, then viUsiE)) s + ci + (r/2)wx- 

From now on, we assume that X is unnodal, i.e. there is no (— 2)-curve. Let a and / be elliptic curves 
on X such that (ct, /) = 1 . Then 

(4.10) i?2(X,Z)/ = (ZaeZ/) ± i;8("l) 
where H'^{X,Z)f is the torsion free quotient of _ff^(X, Z). 

Proposition 4.3. We set Gi := £\{x}xx o-'^^d G2 '■= £\xx{x}- Assume that degg.^(w) = and l{v) :— 
— {v, uJx) / rkui > 0, a{v) := (u, vi) / rkui > 0. Let e he an element of K{X) (X) Q such that v{e) £ Vi D uji, 
|(w(e)^)| ^ 1 and (_ff, ci(e)) — 0. Then Ti.£ induces an isomorphism 

(4.11) M^'+%vy' ^ Mf+%-n£{v)y'. 

Proof. Since H is general with respect to v{Eo), we see that £\ix}xx is Gi-twisted stable. Then we see that 
Lemma 2.4 holds. We next show that Lemma 2.5 holds. We may assume that E is /i-stable. If i?^^ ^ 



Eo,Eo{Kx), then Rom{E,Eo) = Rom{E, Eo{Kx)) = 0. If = Eq,Eq{Kx), then Hom(£;, 5|{,}xx) = 



for X € X \ Supp(£^^/i?). Thus Lemma p.5| holds. Then the same proof of Theorem 2.3 works and we get 



our claim. □ 

Corollary 4.4. Mnir — {l/2)ujx,Ox) — Hilb^'*'"^''^^ for a general H with respect to r — {1/2)lux- 

Proposition 4.5. Assume that r,s > 0. Then e{M^{r + ci — {s/2)ujx)) — e{M^{s ~ c\ — {r/2)L0x)) for a 
general {H,a), if (ci) < 0, i.e, (u^) < rs, where w = r + ci ~ {s/2)ll)x- In particular, if r > (u^), then we 
get our claim. 

Proof. If (cf) < 0, then Hodge index theorem implies that there is a divisor H such that {H,ci) = and 
(i?^) > 0. By Riemann-Roch theorem, we may assume that H is effective. Since X is unnodal, H is 
ample. If Eq = Ox, then v{£\ix}xx) = 2. Hence v satisfies assumptions of Proposition |4.3| . Then we get an 
isomorphism 

(4.12) M^^-+'{r + ci - (s/2)ujx) ^ M^^+'is - d - {r/2)ux), 

where (iJ, Ox + s) is general with respect to v. By Proposition [4.l| , we get our claim. □ 

Theorem 4.6. Let v = r + ci — {s/2)ljx G H*(X, Q) be a primitive Mukai vector such that r is odd. Then 

(4.13) e{MH{v, L)) = e{m\hf"^+^^'^) 

for a general H, where L G Pic(X) satisfies Ci{L) — c\. In particular, 

(i) Mh{v) ^ for a general H if and only if (v^) > —1. 

(ii) Mh{v, L) is irreducible for a general H . 
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Proof. We first assume that ci G £'§(— 1). We set I = gcd(r, Ci). Replacing v by uexp(^i), e -E'sl— 1): "^e 
may assume that Ci/Z is primitive and s > {v^). Since v is primitive, gcd(/,s) = 1. By Proposition 45, we 
get 

(4.14) e(Afe(r + ci - {s/2)ujx)) = e{MH{s - ci - {r/2)L0x)). 

Replacing v — r+ci — (s/2)a;x by v' = s — ci — (r/2)a;x, we may assume that r > {v^). By the same argument 
as above, we may assume that / — 1 and ci is primitive. We set D — a— '^^^f + rj, where 77 € E^{~1) satisfies 
that 2(7y,ci) = s - 1. Then (ZJ^) ^ q and -s + 2(01,!?) = -1. Since ■ycxp(£)) = r + (ci + rD) - 1/2lox, 
e{MH{v)) = e{MH{r + (ci + rD) — 1/2ljx))- Since r > (w^), Proposition |4.5| implies that our claim holds 
for this case. 

We shall next treat the general case. We use induction on r. We set ci := dia + ^2/ + ^. Replacing v 
by i'exp(A;cr), we may assume that < \di\ < r/2. We first assume that di ^ 0. We note that (ci, /) = di. 
Replacing v by t;exp(77), 77 e £'§(— 1), we may assume that s > (w^). Then by Proposition e{MH{v)) = 
e{MH{s — ci — (r/2)a>x)) for a general H. We take an integer k such that < r + 2dik < 2\d i\ < r. Then 



wexp(fc/) = s + (— ci + s/c/) — r' /2ujx, where r' = r + 2dik. Since s > (f^). Proposition 4.5, implies that 
e(M/f(s + (-ci + skf) -~ r' I2ujx)) = e[Mu{r' + (ci - sA:/) - (s/2)wx)) for a general i7. By induction 
hypothesis, we get our claim. 

If d\ = 0, then we may assume that < |c?2| < ?'/2. If |o?2| > 0, then we can apply the same argument 
and get our claim. If di = d2 = 0, then ci G i?8(— 1), so we get our claim. □ 

Corollary 4.7. // (w^) — ~1, then there is a stable vector bundle Eq of v{Eq) — v with respect to H. 

Remark 4.1. By the proof, we also get the following: Let w be a primitive Mukai vector such that rkw is 
odd. Then eiMHimvY") = e{MH{m{l ~ {n/2)ujx)y')- where n = (w^). 

4.1. Relation to Montonen-Olive duality. We fix an Enriques surface X and fix the following data: 

• (H^iX, Z) /, Q) : a lattice with Q{x, y) = - x A y, x,y € H^{X, Z)/. 

• A orthogonal decomposition of (X, M.) as a sum of definite signature: 

(4.15) P : H^{X,Z)(E)R = M.^'° ®SP-\ 

• Pl{x) — xl, Pr{x) — xji : the projections onto the two factors. 
For an odd integer r > 0, we define [/(r)-partition function by 

(4.16) Z'-{t,x):= J2 "x(MH(w))"g^g*«('=i(^)')g^'5('=i('')«)e'3('=i(")'^), 

v£H'{x,q) 

rk v—r 

where (t,x) e H x H'^(X,Z) (g) C, M. := {t e C|3t > 0}, q := exp(27rV^T), e := exp(27ry^) and 
"x(Mjj(w))" is a kind of Euler characteristic of a nice compactification of Mh{v) (Mathematically there is 



no definition). Then Montonen-Olive duality for U{r) gauge group (cf. |V-W]) says that 
{jf) Z^{t,x) transforms like a Jacobi form of holomorphic/anti-holomorphic weight 

(4.17) (-x(X)/2 + 6_(X)/2,6+(X)/2) - (-3/2,1/2). 



S'C/(l)-partition fimction Z^{t) is given by Z^{t) = 1/?7(t)12 ([^, |V-W|] ). Hence 



Z\t,x)^2ZI{t)\ g^'^^^'^g^^^^^)^^^^'") 
(4.18) \ceH'^(x,i)f 

2 

where Q{t,P,x) = YliceH'^ix Z); ^^^('^i)^— '3(=H)e'3(^'^) and the factor 2 comes from the torsion submodule 
oiH^{X,Z). We set 

.0 iM-l 



(4.19) r:=((^ ^\,(^^ ^nc5i2(Z). 



For an odd integer r > 0, we set 

a,b,c,deZ /a fe\ A 2\ / 1 
ad ~ be ^r Ac d - [0 ij ' l-l 



(4.20) N{r) := 



a b 
c d 



3d 2 
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Then we have a coset decomposition: 

(4-21) Nir)^ n r(« 

a,b,d>0 ^ 
ad=r,0<b<d 

Since 8(t, P, x) transforms Uke a Jacobi form of holomorphic/anti-holomorphic weight (9/2, 1/2), Z^{t,x) 
transforms hke a Jacobi form of hofomorphic/anti-hofomorphic weight (—3/2, 1/2): 



(4.22) ( -i, (-V^.)-3/2(^^)i/2,-i2,H#^i(,^ 

T T T 



We conjecture that Z^{t,x) is given by Hecke transformation of order r of Z^{t,x) ([MNVW|): 

'ar + 26 



(4.23) Z'-(t,x) = 1 ^ dZ' 



a,b,d>Q 
ad—r.b<d 



Hence Z^{t, x) transforms hke a Jacobi form of hofomorphic/anti-holomorphic weight (—3/2, 1/2) and index 
r. Thus (#) holds. 
Evidence: 



We shall give an evidence of this conjecture by using Theorem 46. For simplicity, we set X'"' = Hilb^. 
Then we see that 



5 E "2 



1 / ar + 26 
' , ax 



(4.24) 



2 ^ V 

= XI ^dx(^'"')'?^'""^^^^9^'^'^^^9^'^^^"^e"'^^^'''^e^((""^/2)+'5(«')/2) 

= ^ J2 rf\(X["l)(73(«-l/2)^^3Q(«i)^ifQ(??^)gaQ({,:r) 

|efl'2(X,Z)y <i|2n-l+Q(e2) 
^ ^ ^ f^2^(^^[(M+l)/2-Q(e2)/2]^^|(fcd/2-Q(C=)/2)^^Q(^i)-^Q(C|)gaQ(?,x) 
$eH^{X,I,)f k 

= ^ ^ d2;^(X[(<'^'')+i)/2l)g^i<'"')q^Q('=i('^)')5ifQ(=i('")B)e'''3('=i('")'^ 

^eH^(X,Z)f w = {d,^,-k/2) 

= X! d^x(-'^'^^™'^'''^^^^')a^^^"'"'''^a^'^^''''"'"''''^a^'^'''''"'"''''^e'5(^ 

rk w—d 

Therefore we get 

(4.25) "x(M^(z;))" = ^ 4;,(x[«-^)+i)/2l). 

v—aw 



If w is primitive, by Theorem 4^, we get 



(4.26) "X(M^(«))" = x(^[<<"'^+')/'l) = x(Mff(i;)). 

This implies that x(-^^ff(^)) is related to modular forms and in particular Hecke transforms. 

5. Twisted stability for dimension 1 sheaves 

We shall generalize twisted stability to purely 1-dimensional sheaves. Let X be a smooth projective 
surface as in section ^ 

Definition 5.1. Let i? be a purely 1-dimcnsional sheaf on X. 

(i) For a Q-divisor a on X (or its numerical equivalence class), we define a- twisted slope of E by 

^'■'^ ^"^""^-(ci (£;),//)- {c,{E),H) • 

(ii) E is a-twisted semi-stable (resp. stable) if 

(5.2) Ha{F) < fia{E) 

(<) 

for all C C 
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(iii) For a vector bundle G on X (or its class in K{X)), we also define Hg{E) by 
.p. Xg{E) x(i?)^(ci(g),ci(G))/rkG 

We also define G-twisted stability as ci(G)/ rkG-twisted stability. 

Definition 5.2. Let Mfji'yY'' be the moduli stack of a-twisted semi-stable sheaves E of 'y{E) — 7 and 
Mfji'yY the open substack consisting of a-twisted stable sheaves. 

We next generalize wall and chamber structure. Let be a set of effective divisors D such that there is an 
effective divisor D' and D + D' = ^. It is known that is a bounded set. For E € K{X) of ^{E) = (0, ^, x), 
we consider the set W of a G NS(X) ® Q which satisfies 

for some n Q Z, D £ and (13, n) ^ Q(^, x). This set is a countable union of hyperplanes of NS(X) (g) Q. 
We claim that the numbers of hyperplanes is locally finite. Proof of the claim: Assume that a belongs to a 
bounded subset of Pic(X) (g) Q. Since the choice of D is finite, the set of n is bounded, which implies that 
the choice of n is finite. 

Definition 5.3. We call a defining hyperplane of W by wall and a connected component of NS(X) (g) M \ W 
by chamber. 

For a, a' which belong to a chamber C, M^ij)^^ — M%{'^Y''. Hence we may denote this stack by 

Definition 5.4. Let W be a wall and C a chamber such that C intersects W . Let a be a Q-divisor belonging 
to C n and ai a Q-divisor which belongs to C. ^^"'''(7) be the set of a-twisted semi-stable sheaves with 
respect to H such that E is not ai-twisted semi-stable with respect to H and ^{E) — 7. 



In the same way as in [Yl, Prop. 2.4], we get the following. 

Proposition 5.1. Let C be a 2- dimensional vector space such that C r\C ^ ^ and a £ C . 

(1) There is an element ai E C such that V°''^{'~f) is the set of torsion free sheaves E whose Harder- 
Narasimhan filtration 

(5.5) 0cFiCF2C---cF,^E 

with respect to ai satisfies ^a{Fi) = ^a{Fi+i) o,nd is also the Harder- Narasimhan filtration of E with respect 
to at :— «! + t{a — < i < 1. 

(2) MUir = M'i.i^r u v^^^ij). 

Lemma 5.2. Assume that —Kx is base point free. Let E and F be a-twisted semi-stable sheaves of iia{E) > 
Ha{F), or of iia{E) = HaiF) and {ci{F),-Kx) > 0. Then llom{E , F {K x)) = 0. 

Proof. Considering Jordan-Holder filtration, we may assume that E and F are a-twisted stable. Since 
—Kx is base point free, there is an inclusion F{Kx) ^ F. Hence we get an inclusion Hom(i?, i^(_ft'x)) ^ 
}lou\{E,F). If iia{E) > iJ.a{F), then Hom(£',F) = 0, and hence }lou\{E , F [K x)) 0. Assume that 
iJ.a{E) = iia{F). If Hom(£', F) ^ 0, then F and Hom(£;, F) ^ C. If there is a map E F{Kx), then 
E F{Kx) C F is not an isomorphism, because of (ci(F), —Kx) > 0. Hence liom{E, F{Kx)) = 0. □ 

Corollary 5.3. If —Kx is base point free and {ci{x) , — K x) > 0, then A4'^{j{x)y'' is smooth. 

Proposition 5.4. Let C be a 2-dimensional vector space such that C H C ^ $ and a £ C. Assume that 
—Kx is base point free. Then 

(5.6) e(A^^(7)^^) = e(A^^(7)^^) + t-^'<.^"^'''->^^^^^^^^ f[e{M''Mn, 

(71:72, ■■■,7s) 

where (71, 72, . . . , 7s) satisfy = Ma(7j) and ^J,a'il^) > IJ-a'il]) for i < j and a' e COC. 



Proof. For the Harder-Narasimhan filtration ( |5.5D , Lemma 5.2 implies that 

(5.7) Ext2(F,/F,_i,F,/F,_i) = Hom(F_,-/F,_i,F,/F,_i(ifx))^ = 
for j < i. Moreover we get 

(5.8) x{FjF,^,,F^/Fj_,) ^ x{F,/F^_,,FjF,_,) = -(ci(F,/F,_i), ci(F,/F,_i)). 



Therefore in the same way as in the proof of |Y1, Thm. 3.2] (see the description of the stack of filtration in 
[Y7, sect. 5.2]), we get this proposition. □ 
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By induction on (iJ, 01(7)) and Proposition 5.4, we can show the foUowing proposition. 

Proposition 5.5. Assume that —Kx is base point free or Kx is numerically trivial. Then virtual Hodge 
polynomial e{Ai'^{j)''^) does not depend on the choice of general a. 



As in |E-G], we can construct moduh of a- twisted semi-stable sheaves (see Appendix Theorem 7.1). Hence 
we get the following theorem. 

Theorem 5.6. (i) There is a coarse moduli scheme M^(7) of S- equivalence classes of a-twisted semi- 
stable sheaves. 

(ii) Mfj{'-/) is projective. 

(iii) For different a, a', the relation between M^(7) and Mjj{'j) is described as Mumford-Thaddeus type 
flips: 

m"^{i) M^Hil) m7{i) 

(5.9) \ / \ ••• / 

where a — ai, a' = q;„. 

6. FOURIER-MUKAI TRANSFORM ON ELLIPTIC SURFACES 

Let TT : AT C be an elliptic surface with a 0-section a such that every fiber is irreducible. Let / be a 
fiber of tt. Then a compactification of the relative Jacobian of tt : X ^ C is isomorphic to n : X ^ C. Let 
P be a universal family on AT AT. Then ^-^^[I] is the inverse of T-p. 

Let r be a section of n. We set 

(6.1) (a, f)^ := {D e mX)\{D, <J) = {D, f) - 0}. 

We shall normalize V so that !Fj,{Ox) = Oa. In []y^ , 3.2], we showed the following: 
For a coherent sheaf E of (rk(£;), ci{E), - c\y2{E)) = (r, If + D, n), D e {cr, f)^ 

(6.2) irkiTviE)),c,iTviE)),xiTviE))) = -(0, m + nf-D,r + I). 
Let M(r, d) — > C be the relative moduli space of stable sheaves of rank r and degree d. 

Lemma 6.1. Assume that (r,d) — 1. Then M{r,d) = X. 

Proof. We shall prove our claim by induction on r. By tensoring Ox{ka)^ we may assume that < d < r. 
If r = d, then r — d — 1. Hence our claim obviously holds. If d < r, then by T-p^ we get an isomorphism 
A/(r, d) — > M(d, — r). By induction hypothesis, M (d, —r) = X. Thus our claim holds. □ 

By this proof, a universal family £ on M{r, d) x,^ AT is obtained by compositions of T„ and J--p from V on 
X Xq X . We consider Fourier-Mukai transform : D(A') D(X) defined by £: 

(6.3) T£{x)^-£ip2,{£®pl{x)),x^-D{X) 
where pi : X x X ^ X , i = \ ,2 are two projections. 

Lemma 6.2. 

(6.4) .f£(A) = A 

/or Ae7-'((^, /)^). 

Proof Since T„{D) = {0,D, {a,D)) = (0,i?,0). By (fj), we get .Fp(A) = A. Since £ on M(r, d) x^ X is 
obtained by compositions of and T-p from V, Lemma |l.l| implies our claim. □ 

We set Eo := ^siOa) and Fq := J^^(O^). Then Eq is a vector bundle of {rk{Eo), ci{Eo)) = (r, -da + kf), 
k gZ and Fq a vector bundle of (rk(^b), ci(Fo)) = (r, d'a + k'f), k' G Z. In K{X), we see that 



(6.5) 



\:F£iC) = iFo)\f, 
\.F£((i?o)|/)--C, 

where C is the structure sheaf of f O a. We see that 

(6.6) K{X)/j-H{^J)^) C ^{ZEo + ZEoif+ZC). 
For X = aEo + bEoif + cC, J^s{x) = -aO^ - bC + cF„\f. Hence 

(6.7) -li^six)) = (0, aa - erf, b - cx{Fo\f) + ax{0,)). 
Since (r, d) = 1, if x belongs to K{X), then a £ Z. 
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Lemma 6.3. If ci — A/. A G Z. then A^"^„^(0, Ci, x)*" — A^o^+„/(0, Ci, for any Q-divisor a. In 
particular, Ml\^f{0,rf,d'Y' = M,+nf{(^,rf,d'y\ 

6.1. Preservation of stability. The following is an easy consequence of the proof of base change theorem 



(cf. |Y8l Lem. 3.6]). 

Lemma 6.4. Let L he a coherent sheaf of pure dimension 1 on X with Ci{L) = ra + nf + D, D E {a, f)^ . 
Then L satisfies WlTi and J-'^{L) is torsion free, if the following two conditions are satisfied: 

(1) Hom(fa;,L) — 0, X E X except finite subset S of X . 

(2) E^t^{£^,L) = }lom{L,£^y = for all x G X . 

Lemma 6.5. For a purely 1-dimensional sheaf L of ci(L) — ra + nf + D , D G {<j,f)^, Honipj (£,P2^) — 0. 

Proof. It is sufficient to prove that Hom(£a;, L) = Q for some point x € X. We choose a point x € X which 
is not contained in Supp(L). Since L is of pure dimension 1, we get Hom(£2;, L) — Q. □ 

Proposition 6.6. Let L he a coherent sheaf of pure dimension 1 on X with ci{L) — xa+nf+D, D G {a, f)^ 
and XFoi^) > 0- is F^-twisted semi-stahle with respect to a + kf, k^O, then L satisfies two conditions 



in Lemma 6.4 



Proof. By taking account of a Jordan-Holder filtration, we may assume that L is stable. We note that 
(6.8) fiF,{L) 



XFo (L) _ XFo (L) 



{ci{L ® F^),a + kf) r{{k + {g^))x + n) ' 

Since fipoi^x) = 0, a; G X, by Lemma |6.3| , (2) holds. So we shall prove (1). Let D = Dyir + Dhoi be the 
decomposition of the scheme-theoretic support of L, where Dyir consists of all fiber components and Dhd 
consists of the other components. Then we have an exact sequence 

(6.9) Q^F^L^{L\D^J/T^Q, 

where T is the torsion submodule of L\£i^^^. Then is a pure dimension 1 subsheaf of L with ci{F) — If. 
By the stability of i, we get 

^^°^^^ = ^^^ r((fc + (.^)). + n) - 

Since k is sufficiently large (the condition k > max{((ci(L), a + fco/)XFo(^) ~ n)/x — (cr^), ko} is sufficient, 
where a + kof is ample), we get XFo{P) ^ 0- Since llom{£x, L^d^^JT) — for all x £ X, we shall prove 
that Hom(£a;, F) = except finite numbers of points. 
Proof of the claim: Let 

(6.11) 0cFiCF2C---cFs=F 

be the Harder-Narasimhan filtration of F with respect to cr + kf. Then 

(6.12) f,F,{F,) > iiFo{F2/Fi) > ■ ■ ■> fiF„{Fs/F,^,). 

Since Fi is a subsheaf of L, we also have the inequality XFo{Pi) < 0- If Hom(f , i^i ) ^ 0, then iJ,Fg{Fi) — 
and Fi is S'-equivalent to £x(B E for some E. Hence the choice of x is finite. Clearly Ilom{£x, Fi/Fi^i) = 
for i > 2. Hence the claim holds. □ 

Lemma 6.7. Let E he a torsion free sheaf of rk{E) = xr > and ci{E (g) Eq ) ~ If + D, D G (cr, /)^ on 
X. Assume that E is ^-semi-stable with respect to a + kf, k ^ 0. Then E satisfies WITi and ^^{E) is of 
pure dimension 1. 

Proof. We shaU first prove that £ ®p\{E) is p2-flat. Let 

(6.13) Q^Wi-^Wo^£-^Q 

be a locally free resolution oi £ on X x X. It is sufficient to prove that 

(6.14) : (W^i)|xxx®i^-> (W^o)|.xx®£^ 

is injective for all a; G X. We note that rk Wi — rk Wq and £x® E \s a. torsion sheaf on X . Since E is torsion 
free, ipx is injective for all x E X. Thus £ ® p\{E) is a p2-6-'At sheaf. 

Hence we can use base change theorem. Since p2 : XxcX X is relative dimension 1, R^p2*{£^pl{E)) = 
0. Since £'|^-i(j,) is semi-stable for general y G C, H'^{X,£x (g) iJ) = for a general point x of X. Thus 
P2*{£ ®Pi{E)) is a torsion sheaf. By the proof of base change theorem, locally there is a complex of locally 

free sheaves Vi Vq which is quasi-isomorphic to Rp2*(^ ®p\{E)). Hence P2*{£ ® p\{E)) — kert/i = 0, 
which means that E satisfies WITi. Also we get proj— dim(coker (j)) — \. Hence p2*{£ ® p\{E)) is of pure 
dimension 1. □ 
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Corollary 6.8. Let E be a torsion free sheaf on X and assume that E\^-i(^yj is a semi-stable vector bundle 
o/deg(i?(— ((i/r)cr)|7r-i(j^)) = for a general y £ C . Then E satisfies WITi and J-\{E) is of pure dimension 
1. 

Proof. We consider the Harder-Narasimhan filtration of E with respect to + fc/, fc ^ 0. Applying to 



this filtration, we get our corollary by Lemma 6.7. □ 



Lemma 6.9. We set j{E) = jixEo + yEo\f + zC) + D, D £ {a, f)^ , and assume that E is E^-twisted 
semi-stable with respect to a + kf, k:^ 0. If xfq{^1{E)) = x{rx{0„) - d'{a'^) - k') -\-ry > 0, then T^{E) 
is Fo-twisted semi-stable. 

Proof. Assume that J-\{E) is not semi-stable. Then, there is a stable subsheaf F of J-\{E) such that 
^iFo{F) > fXFoi^HE)) = {xFo{^£(E))/{(k + {<J^))x - rz) > 0. We set G T^{E)/F. Applying to the 
exact sequence 

(6.15) 0^ F ^ T^{E) ^ G ^0, 
we get an exact sequence 

> TliF) > > T^G) 

(6.16) > Tl{F) > E > TliG) 

. . > Tj{G) > 



By Lemma |6J, J^^(G) 0. Since ^.Fo{F) > 0, we also get Tj{F) = 0. Thus F and G satisfies WITi 
and ^^(F) is a subsheaf of E. We set 7(.f^(F)) = -/{x'Eq + y'Eo\f + z'C) + D', D' e (crj)^. Then 
7(i^) = (0, x'a ~ z'rf — D' , y' — z'x{Foy) + x'x{Oa)). Since E is semi-stable with respect to + kf, k ^ 0, 
(★) (i) y'/x' < y/x, or 

(ii) y'/x' — y/x and z' /x' < z/x. 
On the other hand, 

xl -\- yr x'l -\- y'r 



(6.17) 



r(k -\- {(T^))x — rz r{k + {a'^))x' — rz' 
{yx' - y'x)r{k + (ct^)) + {x'l + ry')z - {xl + ry)z' 
' (r(fc + (cr2))a; _ rz){{k + {a'^))x' - z') 

{yx' — y'x){r{k + (c^)) — rz/x) + {xl + ry){x' z/x — z') 



{r{k + {a'^))x~rz){{k+{a'^))x' - z') 
where I = rx{Oa) — d'{(T'^) — k' . We note that the choice of x' is finite. In Lemma |6.10 , we shall show that 



the choice of z' is also finite. Then there is an integer N{x, D, y, z) such that for k > N{x, D, y, z), 

(i) yx' — y'x > implies {yx' — y'x){r{k + (cr^)) — rz/x) + {xl + ry){x' z/x — z') > and 

(ii) yx' — y'x < implies {yx' — y'x){r{k + (cr^)) — rz/x) + {xl + ry){x' z/x — z') < 0. 

Then (*) implies that fiFo{^£{E)) — fj.Fo{F) > 0, which is a contradiction. Therefore J-\{E) is a semi-stable 
sheaf. □ 

Lemma 6.10. Keep the notations as above. Then the choice of z' is finite and the number of such z' is 
bounded in terms of {x, D, y, z). 

Proof. We fix an ample divisor cr + kof. Since is a subsheaf of T^{E), 
(6.18) 0<{ci{F),a + kof) < {ci{T^{E)), a + kof). 

Since {ci{F), a -f fco/) = (^o + {'^'^))x' — rz' and x' < x, we get our claim. □ 

Lemma 6.11. Let L be a pure dimension 1 sheaf ofj{L) — {0,xa — rzf,y — zx(-Fo|/) + xx{Oa)). Assume 
that xfo{F) > and L is FQ-twisted semi-stable with respect to a + kf, fc ^ 0. Then T^{L) is an E^-twisted 
semi-stable sheaf with respect to a -\- kf , k ^ 0. 



Proof. We note that Lemma 6.4 and Proposition S.6 imply that L satisfies WITi and J-^{L) is torsion free 



Assume that ^g{L) is not semi-stable with respect to cr -f kf, k ^ 0. Then there is a destabilizing subsheaf 
F of T};{L). We set G :— J^g{L)/F. It is easy to see that .F£(L)|^-i(y) is semi-stable for general y E C. Since 
fc is sufficiently large, F|7r-i(y) and G'|^-i(y) are semi-stable vector bundles of degree for general y E C. 
Then Corollary implies that F and G satisfy WITi and we get an exact sequence 

(6.19) 0^TUF)^L^TUG)^0. 



In the same way as in Lemma 6.9, we get a contradiction. Thus J-'^{L) is semi-stable. □ 
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Therefore, we get the following theorem. 

Theorem 6.12. Keep the notation as abobe. For x G K{X) ofikx > 0, Assume that the relative twisted 
degree (ci(x <S) -E-q ), /) = 0. Then Ts gives an isomorphism of moduli stack 

(6.20) MXj{^{x)r - MXfi-li^si^'' 
if XFoi-^eix)) > and k:s> 0. 

Remark 6.1. Let e e {a, f)^ be a Q-divisor of — (e^) ^ 1. Then we can show that 

(6.21) Mfi,f^M^)r - M^j^^;\-^{:Fs{x))r 

if {ci{x ® E^),f) = 0, XFoi-^six)) > and A: » 0. 
6.2. Application of Theorem |6.12| . 

Lemma 6.13. Let H ^ a + kf be an ample divisor. We set 7„ :— (0, cr + nf + D,x), D ^ {a, /) . Then for 
a general t £ Q, (7„)^^ = X^"'^'"-^^ (7n)", ifm^k. 

Proposition 6.14. We set 7„ := (0, a + nf + x), D E {a, f)^ . Then e(Ai"^(7„)) does not depend on a, 
if a does not lie on walls. 

Proof. It is sufficient to prove the claim for A^^(7„)^*. We prove our claim by induction on n. We note that 
there is a section r of tt such that D = T—a—{T—a, cr)/. Hence a+nf+D = r+n'f, n' = n—{T—a-, cr). Let W 
be a wall and a belongs to W. Let a+, a- be Q-divisors which are very close to a and a ~ (a+ +a_)/2. We 
consider Harder-Narasimhan filtration ( |5.5| ) in Proposition where ai = a+, Since ci(ii') — t + n' f ^ 
we get ci{Fi/Fi-i) = Z^/, r + Z^/. Assume that ci(Fi/Fi_i) = Z^/ and ci{Fj / Fj^i) — Ijf for different i and 
j. Since ^„(F,/F,_i) = fi^{Fj/Fj.i), {F,/F,^i)/k = iFj/Fj.i)/lj in K(A) ® Q. Then ti^^{F,/F,.i) = 
^a±{Fj /Fj-i), which is a contradiction. Therefore s = 2 and ci(Fi/Fi_i) = kf and ci{Fj/Fj^i) — t + Ijf, 
{i,j} = {1, 2}. Since Fi or F2/F1 is supported on some fibers, we see that 

(6.22) Ext^{F2/Fi,Fi) = llom{Fu F2/Fi{Kx)V = Rom{Fi , F2 / Fi^ = 0. 

Since —xiP2/Fi, Fi) = {ci{F2/Fi),ci{Fi)), by the same argument as in Proposition ^.4| , we get 

(6.23) e(A^^(7„)^^) = eiM%^ (inD + ^ e(X^* (0, r + {n' - kl)f, x ~ kdr )e{M%^ (0, klf, kd^t"' 

k 

where {l,d) satisfies that ^a{ln) ~ {d ~ l{ct, f))/l{F[, f). By induction hypothesis, 

(6.24) e{M%+ (0, t + (n' - kl)f, x - kd)n - e{M%- (0, r + (n' - kl)f, x ~ kdD- 

Also we know that Ai^{0, klf, kd)''^) does not depend on /3. Therefore we get our claim. □ 



The following is a generalization of [Gc] and [ Y2|. 
Theorem 6.15. //(r, (ci,/)) = 1, then 

(6.25) e{M„+kf{r,ci,x)) = e(Pic°(A) x Hilb^), 

where 2n + h^{Ox) — dim Mrj+kfii^, Ci, x) '^^'^ fc 3> 0. 

Proof. Let a; be an element of K{X) such that 7(0;) — (r, ci,x). We set d := (ci,/). We consider Fourier- 
Mukai transform induced by a universal family £ on XxcM{r, d) — XxqX. Then —ci{J^£{x)) = a+nf+D, 
n £ Z, D £ {a, f)^ . Replacing x hy x ® Ox{mf), m 0, we may assume that x{~^s{^)) > and 
XFq{~££{x)) > 0. By Theorem |6.12| , M^+kfilix)) is isomorphic to M^^,,f{-^{^{x))). By Proposi- 
tion [6.14 e(Af"^j,y (— 7(J^£:(a;)))) = e(M^^^,^(— 7(J^£-(x)))). By using Theorem |6.12| again, we see that 
M^j^f,j{~^{T£{x))) is isomorphic to Hilbert scheme of points. □ 



By the similar arguments as in the proof of Proposition 6.14 , we also get the following proposition. 



Proposition 6.16. e(Af]|(7„)) does not depend on the choice of H , if H is general. 

Proposition 6.17. We set 7,1 — (0,r + nf,m), where t is a section of tt. Then M]|(7n) is smooth for 
general a and H. 
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Proof. Let F be a simple pure dimension 1 sheaf of Ci (F) = r+nf. It is sufRcient to show that H'^{X, Kx) 
llom{F, F{Kx)) is an isomorphism. We set F2 := F\^/ {torsion) and Fi :— ker(F — > F2). Since Fx is sup- 
ported on fibers, Fi{Kx) = i^i- By the simpleness of F, Hom(F, Fi{Kx)) = Hom(F, Fi) = 0. We note that 
Yioui{Fi,F2{Kx)) = 0. Hence YiouY{F, F{Kx)) Hom(F, ^^(ifx)) is injcctive and YLoitl{F2 , F2{K x)) ~* 
Hom(F, F2{Kx)) is isomorphic. Since F2 is a hne bundle on r, 

(6.26) = H%X,Kx) ^ Honi(F2, F2(i^x)) 

is isomorphic. Therefore H^{X,Kx) iiom{F, F{Kx)) must be isomorphic. □ 



From now on, we assume that X is a rational elliptic surface. By using Proposition 5.5 and Remark 6.1 
we also get the following. 

Corollary 6.18. Assume that X is a rational elliptic surface. Let £,£' G (cr, /)^ he general Q-divisors of 
-(£2),_(£'2)«i. //gcd(r,(ci,/)) = then 

(6.27) eiM,+kf+e{r, Ci, x)^^) = e{M,+kf+e' [l, x'm, k » 

for some x' G Z and ^ G H^{X, Z) o/(^, /) — 0. In particular, if I — 2, then we obtain e(A^o-+fc/+s(^: ci, x)*'') 
from |Y5|. 



We also get the following corollary which is a generalization of [Y5]. 
Corollary 6.19. Keep notation as in Corollary |g. If {r, D,x), D G {a, f)^ is primitive, then 
(6.28) e(Al,+fc/+e(r, i?, x)^^) = e(Al.+fc/+e' (r, D + tf, xY^.k » 

for t G Z. 

Proof. If (r, F',x), -D G {a; f)-^ is primitive, then C := ra + {r ~ x)f ~ D is primitive. Since NS(X) = 
H'^{X,Z) is a unimodular lattice, there is a divisor P such that (C,/3) = 1. Hence e(7W"+^^(0, C, to)"'') = 
e(7W^+fc^(0, C, m - t)«"), t G Z. Therefore e(M,+fc/+e(r, D, x)^^) = eiM^+kf+e' (r, D + tf, x)^^). □ 

7. Appendix 

Let X be a projective surface defined over a field k. Let a be a Q-divisor on X. In this appendix, we 
shall prove the following. 

Theorem 7.1. There is a projective moduli scheme Mjj{'^) of a-twisted semi-stable sheaves of pure dimen- 
sion 1 on X with respect to H . 

Since a-twisted semi-stability does not change under the operation E E ® Ox {nH) , we may assume 
that a = D/n for some positive integer n and an irreducible divisor on X of {D, H) > (ci, H). We note 
that 

x(F(-a)) = -x{E{-D)) +(1--) X{E) 
n \ n I 

(7.1) 



As in |E-G|, we can regard x{E{—<y)) as the parabolic Eulcr characteristic of the parabolic sheaf F(—Z?) C E, 
where the weight is 1 — Then it is sufRcient to construct moduli space of parabolic semi-stable sheaves 
on X. The moduli space of parabolic stable sheaves was constructed by Maruyama and Yokogawa [Ma-Yk| 
and Inaba Q]. They constructed moduli space as GIT quotient of a suitable space. Then the problem is 
to analyse properly semi-stable points of this space. For a nonsingular variety, Yokogawa |Yk| constructed 
the moduli space of parabolic semi-stable torsion free sheaves. By technical reason, we can only treat the 
dimension 1 case. 

7.1. Construction of moduli spaces. Let (X, Oxll)) be a projective scheme X over a field k and an 
ample line bundle C'x(l) an X. Let us start with the definition of parabolic sheaves. 

Definition 7.1. Let F be a pure dimensional 1 coherent sheaf on X such that dim(£' n Supp(F)) = 0. Let 
(7.2) F(F) : E{~D) = F,+i(F) C F^F) C • • • C F2(F) C Fi(F) = F 

be a filtration of coherent sheaves and < ai < 02 < ■ ■ ■ < a; < 1 a sequence of rational numbers. Then 
the triple F* :— (F, F(F), a*) is called a parabolic sheaf on X, where a* = (ai, 012, . . . , ai). 

We shall generalize the notion of parabolic sheaves as follows. 
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Definition 7.2. Let i? be a purely 1 dimensional coherent sheaf on X . Let 

(7.3) F{E) : Fi+i{E) C Fi{E) C ■ ■ ■ CI F2{E) C Fi{E) = E 

be a filtration of coherent sheaves such that dim{E / Fi+i{E)) = and < ai < Q!2 < • • • < a; < 1 a 
sequence of rational numbers. Then we call the triple E^ := {E, F{E),a^) a generalized parabolic sheaf on 
X. 

Thus a generalized parabolic sheaf is a sheaf with a special type of filtration and a sequence of rational 
numbers. 

Definition 7.3. Let E^, := {E, F{E), a^,) be a generalized parabolic sheaf. We set 

(7.4) pai-x{E4m)) -.^ x{Fi+i{m)) +J2a^x{gr^{E){m)), 

i=l 

where gn{E) = F,[E) / F,+i{E) . 

We set Si :— cti+i — ai, 1 < i < I, where aj+i = 1. Then 

(7.5) par-x (£;*("'')) = xiE{m)) -~^eixi9riiE){m,)). 

i=l 

For a coherent sheaf E of dimension 1, we define ai{E) G Z by 

(7.6) x{E{m))^ai{E)m + x{E). 
For a numerical polynomial of degree 1 

(7.7) h{x) = aix + flo, a,; G Z, 
we set ai(h) := a^. 

Definition 7.4. A generalized parabolic sheaf E^, of dimension 1 is sem-stable (resp. stable) with respect 
to Ox(l),if 

par-x(-Bl) ^ par-x(£'*) 



(7.8) ai{E') - ai{E) 

(<) 

for all non-trivial generalized parabolic subsheaf E'^ of E^, . 



As in |Ma-Yk|, we can consider Jordan-Holder filtration and define S'-equivalence classes of generalized 
parabolic semi-stable sheaves. 

Let h{x) be a numerical polynomial of degree 1 and hi(x), 1 < i < I constant numerical polynomials. We 
set /i*(x) :— {h{x), hi{x), . . . , hi{x)). We shall construct the moduli space M^x/c' of S'-equivalence classes 
of generalized parabolic semi-stable sheaves (E, F{E), a^,) of Hilbert polynomials 

(7.9) {x{E{m)),x{9riiE)im)), . . . ,x{m{E){m))) = K{m). 

Let D he a. Cartier divisor on X . Then we can construct the moduli space m'^Jx'/c of S-equivalence classes 
of parabolic semi-stable sheaves as a locally closed subscheme of m'^J^* . 

Definition 7.5. Let A be a rational number. Then a purely 1-dimensional sheaf E is of type A, if 
(7 10) > A 

for all quotient sheaf E" of pure dimension 1. 

Lemma 7.2. Let E^ = {E, F{E), a^t) be a generalized parabolic semi-stable sheaf. Then E is of type 
E^£^x{9r^{E))/a,{E). 

Proof. Let E E" be a quotient such that E" is of pure dimension 1. Let E'^ be the induced generalized 
parabolic structure. Then 

.7,,. X{E") - e,x{9n{E")) ^ x{E) - ea{gr,{E)) 

^ ^ ai{E") - a,{E) 

Hence x(i?")/ai(^") > xiE)/ai{E) - E, e,x(9nm/aiiE). □ 
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Let be a generalized parabolic sheaf such that E is of type A. Let E^ E'J be a quotient generalized 
parabolic sheaf such that E" is of pure dimension 1 and 

,712^ X{E) ~ J:^e^x{9n{E)) ^ x{E") - Y^.e^xignjE")) 

^ ■ ^ ai{E) - a^{E") 

Then x{E)/ai{E) + Y.^s^x{9r^{E)) > x{E")/ai{E"). Since the set of E^ is bounded, by Grothendieck's 
boundedness theorem, the set of such quotients E'^ is bounded. Hence there is an integer m(A) which depends 
on h^, and A such that, for m > m (A) and the kernel E'^ of E^ E'J which satisfies (|7.12|) , 



(bl) Fi{E'){m), 1 < i < ^ + 1 are generated by global sections and 
(b2) H^{X,F,{E'){m))^0. 

In particular, 

(i) E{m) is generated by global sections and H^{X, E{m)) ~ 0, 

(ii) H\X,F,{E)im)) = 0. 

Let Vm be a vector space of dimension h{m). Let Q := Quoty"^^^^^^ be the quot-scheme and Vm ® 

Oqxx — ^ E the universal quotient sheaf, where h[m]{x) — h{m + x). We set Q, := Quot^'j"' ^ ,^ , 1 < i < / 

and let i? (g) Oq^xx — * Ei be the universal quotient sheaf. Then there is a closed subscheme F of 11^=1 Qi 
which parametrizes sequences of quotients 

(7.13) Vm(S>Ox^ E{m) ^ Ei{m) Ei.i{m) > Ei{m) 

such that Vm'S)Ox ^ E{m) e Q and E{m) E,{m) G Q,, 1 < i < I. We set Fi+i{E) := ker(i; -> Ei), 
I < i < I and Fi{E) := i?. Then we have a filtration 

(7.14) F{E) : Fi+i{E) C Fj(£;) C • • • C Fi{E) = E. 
Thus F(i?) and a* give a structure of generalized parabolic sh eaf on E. 



Let r^'* be the open subscheme of F consisting of quotients ( 7.13 ) such that 

(i) Vm — * H^{X,E{rn)) is an isomorphism and 

(ii) {E, F{E), a*) is a generalized parabolic semi-stable sheaf. 

Let G(n) := GriVm <8) W,h[m]{n)) be the Grassmannian parametrizing ft,[m](n)-dimensional quotient 
spaces of Vm (8) W. We set Gi := Gr{Vm, E[i{m)). Assume that m > m(A), A > J2i ^i^o{lT')/ai{h). 
Then by Lemma [T^ and (bl,2), all generalized parabolic semi-stable sheaves E^ are parametrized by F'''', 
H^{X,E{m)) Ir'{X,Ei{m)) is surjective and H^{X,Ei{m)) — 0. For a sequence of quotients 

(7.15) Vm^Ox^ E{m) ^ Ei{m) ^ Ei^i{m) ^ . Si(m) ^ G F^^ 

quotient vector spaces a : Vm ®W H^{X,E{m + n)) and ai : Vm H^{X,Ei{m)) define a point of 
G{n) X Gi. Thus we get a morphism F** G{n) x Yli Gi. As in we can show that this morphism is 
an immersion 

(7.16) F^^-^G(n) x[|G,. 

i 

SL{Vm) acts on G{n) x Hi^j- Let Og(„)(1) and C'Gi(l), 1 < i < ? be tautological line bundles on G{n) 
and Gi respectively. These line bundles have S'L(V^)-linearizations. We consider GIT semi-stability with 
respect to a Q-hne bundle L = Oa(n){Po) ® Ogi (Pi) «)•••«) Og, {Pi)- 

Proposition 7.3. ||, Prop. 3.2] Let a : Vm ^ W A and ai : Vm Ai be quotients corresponding to a 
point of G(n) x Yli Gi. Then it is GIT semi-stable with respect to L if and only if 

(7.17) 

dimKn(/3o dimaiy' ®W) + ^(3i dimai{V')) - dimV'{(3o dima(14i ®W) + ^f3, dima,(Ki)) > 

i i 

for all non-zero subspaces V of Vm ■ 
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We set := {h{m) — J2i=i '^ihi{'rn)) / ai{h)n, Pi := for 1 < i < I. We also set Vi := ker{anv')- Then 
dirnVmiPo dima{V' (E)W) + Y,P^ dima^{V')) - dimV'{f3o dima{Vm <E)W)+Y,|3^ dima,(y„)) 



-h{'m) 



(7.18) 



V ai{h)n ^ j 

f h{m) - Y,iSihi{m) u \^\^ h( \\ 

nV J-: h[m\[n) + > £thi{m) 

\ ai{h)n ^ j 

(h(m) ^ y^- eihjim) , , , v-^ 

--^ ^\ ' dim a(V' (g)W) + y^e^ dim V ~ dim 

ai{h)n ^ 



dim 



, {h{m) - Y,i eihi{m)) dimF' 
ai{h)n 



=h{m) ( ^("^) E. £.fe»M ^. ^ ^) _ dim - ai dim 1/' 

V ai{h)n ^ 

ai{h)n 

Let {G{n) x Yli GiY'^ be the open subscheme of G(n) x Yli Gi consisting of GIT semi-stable points. Then 
we get the following. 

Proposition 7.4. We set Pq :— {h{m) — Y^\^^eihi{m)) / ai{h)n, Pi :— Si for 1 < i < I. Then there is an 
integer mi such that for all m > mi, F'"* is contained in (G{n) x GiY^ , where n ^ m. 

Proof. We set 

(7.19) T :== {E' C E{m)\E' is generated hy V d V }. 

Since is a bounded set, for a sufficiently large n which depends on m, 

(i) a{V' ®W) = H°{X, E'{n)), W{X, E'{n)) = 0, i > and 

(ii) 



(7.20) 



h{m) - J^i^i^ii^) 



ixiE') - dimV') 



< 



1 



ai{h) 



ai(h)n 

Then dima{V' ^W) ~ x(£"(n)) ai{E')n + x{E'). Since E^ is semi-stable, in the same way as in [Ma-Yk, 
Prop. 2.5], we see that there is an integer toq such that for m > mo and a generalized parabolic subsheaf 
Ei of E,{m), 

,7 2n c^ih'{Fi+i{E')) + ELi e.h^{F,{E')) aih°{Fi+i{E{m))) + ^Li £^h"{F^{E{m))) 

^ ■ ^ ai{E') - ai{E) 

and the equality holds, if and only if pai-x{E'^) / ai{E') — par-x(-E*)/ai(£'). Hence if the equality holds, 
then El is semi-stable and we may assume that (bl,2) holds for E'^{-~m). In particular, dimt^' = x{F')- 
We note that 



Km) - eMm)_ « w^) _ ^ dim V, ~ ai dim V'-^^'^^ ''^'^"^^^ ^™ ^' 



(7.22) 



ai{h)n 



ai{h)n 



= {h{m) - ^ sMm))^^ - (E e^ dim V. + ai dim V) + ^^^II±_Li^p^^^^E') - dim V). 



By ( 7.1§| ) and ( [7.22|) , if the inequality in ( |7.2l| ) is strict, then we get 
(7.23) 

dimKn(/3o dima(y' (»W) + ^Pi dima,(F')) - dim V'{Po dima(V;„ ®W) + ^P^ dima^{Vm)) > 0. 

i i 

If the equality holds in ( [t^ ), then dim V = x{E'), and hence ( |7.22D implies that L.H.S. of ( |7.23| ) is 0. 
Therefore our claim holds. □ 

Remark 7.1. M Pq = {h{m)-J2^£tht{m))/{ai{h)n + t),t G Q, then we can show that r'*" H (G(n) x H- G^)"^ 
parametrizes generalized semi-stable parabolic sheaves E^ such that 



(7.24) 



tm < t 



ai{E) - ai{E') 
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for all generalized parabolic subsheaves E'^ of par-x(£'^)/ai(i?') — par-x(£'*)/ai(-E)- If i = h{m), then L is 
nothing but the polarization in Q|. 



Proposition 7.5. There is an integer 7712 such that for all m > m2, T^'^ is a closed subscheme of {G{n) x 
Yli Gi)*"*, where n:s> m. 

Proof. We choose an m so that h{m)/ai{h) — J2i^i^ii^) > 0- We shall prove that F'"' (G(n) x JJ- Gi)*" 
is proper. Let (i?,m) be a discrete valuation ring and K the quotient field of R. We set T Spec(i?) 
and U := Spec(i^r). Let C/ F** be a morphism such that U F*^ (Gin) x J^.^ Gi)'** is extended to a 
morphism T {G{n) x Y\i Gi)'^'^. Since F is a closed subscheme of JJ- Qi, there is a morphism T — > F, ie, 
there is a flat family of a sequence of quotients 

(7.25) V^Otxx -> f (™) -> fiM Si-i{m) > £i(to) -> 0. 

Let a : Vm(^W pT*{£{m + n)) and : ® i? — > be the quotient bundles olVm®W ® R and 

(X" -R corresponding to the morphism T {G{n) x J^- Gi)*". We set E :— £ 1^ R/m, Ei := Si ® R/m and 
F,+i(i;) := ker(£; ^ 

Claim 7.1. V,n H^{X,E{m)) is injective. 



Indeed, we set V := ker(V;„ -> H°{X,E{m))). Then Q!(F' « VF) = 0. By ( fzlsl ), 
(7.26) 

< dim V,n{f3() dim a{V' (g) VF) + ^ A dim a,(F')) - dim F'(/3o dim q(T/™ ® VF) + ^ A dim a, (F„0) 



-h{m) ^— £i dim Vi — ai dim V' 



, {h{m) -Y,i£ihi{m))d\iaV' 

■ y ti uim Vi — 111 uim v 

i 

'h(m \ — . p^hAjr) ^^ din 

< - h{m)- 



ai{h)n 

(him) - Y.i Sihiim)) dim V 



ai{h)n 
Therefore V = 0. 

Claim 7.2. There is a rational number A which depends on h^, and a* such that E is of type A. 

Proof of the claim: Let E — > E" be a quotient of E. Let E' be the kernel of ^ E" . We note that 
Vm H°{X,E{m)) is injective. We set := n i/°(X, £;'(m)). Then h°{X,E"im)) > dim^n-dimy'. 
By ( PI ), 

< dim V^(/3o dim a(y' (giW) + ^(3^ dim ai(V"')) - dim V'{(3a dim a(V^ VF) + ^ A dim a,{V)) 

i i 

(7.27) ^h{m) I ^("^) ~ E^ g^^zM ^ p^) + y £,(dimF' - dimF,) - dim^' 

V ai(/i)?^ ^ 

_ (/t(w) - X]i£ifc^("^-))dimy^ 
ai(h)n 

Let F be a subsheaf of E{m) generated by V' . Then F belongs to T. Let e be a positive number such 
that h{in)/ai{h) — "Ylii^ihiim) — e > 0. Since is a bounded set, for a sufficiently large n which depends 
on m and e, we have a{V' (g) VF) = H°{X,F{n)), H^{X,F{n)) = and 



(7.28) 
Therefore 



h{m) - Y: sMm) Hm) - ^ sM^) ^ 



< e. 



<M!!!L^iiiM!^ dim a(T/' (g VF) + y e,(dim F' - dim V,) - dim 
ai(h)n ^-^ 

(7.29) 

<(/i(m) -y e,/i,(TO))^ii--T +e + y e,(dimy' -dimT^O -dim^', 
— ' ai(n) ^ — ' 

i i 

where Vi — ker(ai|y/). Since dim(V"'/Vi) < dim(imQ;i) = hi(m), we get 



(7.30) h{m)^\-^-dimV' >y^eMTn){Arl-l]-e>-y^eMm)-e. 

ai[h) ^ \ai{hj ' ^ 
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Since ai{E') > ai{F), 

h°{X,E"{m)) ^ dim - dim 1/' 
ai{E") 




ai(F) 



h{m) — Eihiira) 



ai{h) Y ' / 
(7.31) = ''^'^^^^^^{^^(En ' (T.^M^)+e)/a,{E") 



h{m) 



/ £i/ii(m) - e > 0. 
ai(h) ^ 

There is a rational number Ai and an integer mo > Ai — ao{h) / ai{h) which depend on h{x), J^i^i^ii^) ^^'^ 
e such that 

ai(h) ^ \ ai{h) 

for m > Too- 

By |s|, Lem. 1.17], there is a purely 1-dimensional sheaf G of Hilbert polynomial h{x) and a map E ^ G 
whose kernel is a coherent sheaf of dimension 0. Let G G" be a quotient such that G" is semi-stable. We 
sets' := ker(£;^ G") and^;" := im(£;^ G"). Since /i°(X, i;"(m)) < h°{X,G"{m)) and ai{E") = ai(G"), 

fe"(X, G"{m)) h^{X,E"{m)) 
, , ai(G") - ai(i;") 

ai(/i) ^ 

Since G" is semi-stable, |S|, Cor. 1.7] implies that 

h"{X,G"{m)) ^ [O, c + m+^<0 

where c is a constant which only depends on ai(/i). Since /i°(X, G"(m)) > 0, weget c-|-m-|-x(G")/ai(G") > 
and x(G")/ai(G") > ao{h)/ai{h) — Ai — c, which means that G is of type A := ao{h)/ai{h) — Ai — c. 
Replacing m, we may assume that for all type A sheaves / of Hilbert polynomial h(x), I(m) is generated 
by global sections and H^{X,I{m)) = 0, i > 0. In particular /i°(X, G(m)) = h{m) = diml^i. Assume 
that H^{X^E(m)) H^{X,G{m)) is not injective and let V be the kernel. Then we get a contradiction 
from the inequality ( 7.29| ) and ai > 0. Thus H^{X,E{m)) H^{X,G{m)) is injective, and hence it is 
isomorphic. Since G{m) is generated by global sections, E ^ G must be surjective, which implies that it 
is isomorphic. Therefore E is of pure dimension d, of type A and Vm H^{X,E(m)) is an isomorphism. 



Thus we complete the proof of Claim 7.2 



We assume that m > m(A). Then H°{X,E{m)) H^{X,E,{m)) is surjective. Thus (3^ : V ® R ^ 
PT*{£i{'m)) is surjective and define a morphism T Gi. Since (3^1/ — a^jj as elements of G^, we get (3i = ai. 
Assume that there is a generalized parabolic quotient E^, E'J which destabilizes semi-stability. Since 
Ei := ker(£;, ^ E'^) satisfies (bl,2), we get that V = H'^ (X , E' (m)) , ai(y') = H^{X,E[{m)) and 

/-qc^ par-x(-g"("^)) ^ par-x(£;4m)) 

a,[E") ^ ' 

Since £i are rational numbers, for a sufficiently small e, we get 
,7o^^ Par-X(-B"("t)) ^ par-x(£^, (m)) 

a,{E") ^ a^ih) ' 

which is a contradiction. Therefore E is generalized parabolic semi-stable. Thus we get a lifting of T ^ F^* 
and conclude that F'** {G{n) x Yli Gi^ is proper. □ 

By standard arguments, we see that SL{Vm)s, s e V"^ is a closed orbit if and only if the corresponding 
generalized parabolic semi-stable sheaf {E, F{E), a*) is isomorphic to (Bi{Ei, F{Ei), a,), where {Ei, F{Ei), a) 
are generalized parabolic stable sheaves. 

Theorem 7.6. There is a moduli scheme M^xjc' parametrizing S-equivalence classes of generalized para- 
bolic semi-stable sheaves {E, F{E), a^:) of Hilbert polynomials /i*. 
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Let D be a Cartier divisor on X. Then 
(7.37) {{E, F{E),a^)\E{^D) E ^ Ei is a map} 

has a natural closed subscheme structure of M^^j^' . Assume that hi{m) — x{E{m)) — x{E{—D){m)). Then 
if dim(£) n Supp(£')) = 0, then E{-D) ^ E is injective and the image is Fi+i{E). Thus {E,F{E),a^) 
becomes a parabolic semi-stable sheaf. Since this condition is an open condition, we get M'^jx'/c ^ ^ locally 
closed subscheme of M^^^* . 

Theorem 7.7. Let D be a Cartier divisor on X and assume that hi{m) — x{E(m)) — %(£'(— _D)(m)). 
Then there is a moduli scheme -/^-^d'/x/c po,rametrizing S-equicalence classes of parabolic semi-stable sheaves 
{E, F{E), a*) of Hilbert polynomials h^. 

Assume that X is a surface. Let 7 be an element of K{X) such that rk7 = and 01(7) is effective. 
We set h{x) = (01(7), C'x(l))a; + xil)- Let D is a irreducible and reduced divisor such that (D,Ox(l)) > 
(ci(7), C'x(l))- Then M^^jx'/c becomes compact. Therefore we get Theorem [z^ . 

Remark 7.2. Although we assume that X is defined over a field fc, we can easily generalize our construction 
to relative setting X ^ S, where S is of finite type over k and X ^ S is projective. 



Acknowledgement. I would like to thank M. Inaba for explaining the difficulty of constructing the moduli 
space of parabolic semi-stable sheaves. 
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